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❜❛❝❦❣r♦✉♥❞ ❛♥❞ t❤❡✐r ❝♦♥♥❡❝t✐♦♥ ♠♦r❡ ♣r❡❝✐s❡❧②✿
❊①♣r❡ss ❛ ❣✐✈❡♥ ❍❛❧❧✲▲✐tt❧❡✇♦♦❞ ♣♦❧②♥♦♠✐❛❧ Pλ(x, q) ♦❢ ❛r❜✐tr❛r② t②♣❡ ✐♥ t❤❡
♠♦♥♦♠✐❛❧ ❜❛s✐s {mµ(x)}µ∈Xˇ+ ✿
Pλ(x, q) =
∑
µ∈Xˇ+
q−〈λ+µ,ρ〉Lλ,µ(q)mµ(x)
✇✐t❤ Lλ,µ(q) ∈ Z[q]✳
❚❤❡ ❙❛t❛❦❡ ✐s♦♠♦r♣❤✐s♠ ②✐❡❧❞s t❤❛t t❤❡ ▲❛✉r❡♥t ♣♦❧②♥♦♠✐❛❧ Lλ,µ(q) ❝❛♥
❜❡ ❝❛❧❝✉❧❛t❡❞ ❜② ❝♦✉♥t✐♥❣ ♣♦✐♥ts ✐♥ ❛ ❝❡rt❛✐♥ ✐♥t❡rs❡❝t✐♦♥ ♦❢ ♦r❜✐ts ✐♥ ❛♥
❛✣♥❡ ●r❛ss♠❛♥♥✐❛♥ ❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ ❝♦✇❡✐❣❤ts λ ❛♥❞ µ ♦✈❡r ❛ ✜♥✐t❡ ✜❡❧❞
Fq✳ ❇♦t❤✱ ❙❝❤✇❡r ❛♥❞ ●❛✉ss❡♥t✲▲✐tt❡❧♠❛♥♥ ✉s❡ t❤✐s ❛♣♣r♦❛❝❤ ❜② ❞❡s❝r✐❜✐♥❣
t❤❡ ❡❧❡♠❡♥ts ✐♥ t❤✐s ✐♥t❡rs❡❝t✐♦♥ ✇✐t❤ ❣❛❧❧❡r✐❡s ✐♥ t❤❡ st❛♥❞❛r❞ ❛♣❛rt♠❡♥t ♦❢
t❤❡ ❛✣♥❡ ❜✉✐❧❞✐♥❣✱ ♥❛♠❡❧② ●❛✉ss❡♥t✲▲✐tt❡❧♠❛♥♥ ✉s❡ ♦♥❡✲s❦❡❧❡t♦♥ ❣❛❧❧❡r✐❡s
✇❤❡r❡❛s ❙❝❤✇❡r ✉s❡s ❛❧❝♦✈❡ ❣❛❧❧❡r✐❡s✳ ■♥ ❣❡♦♠❡tr✐❝ t❡r♠s ✉s✐♥❣ ❞✐✛❡r❡♥t
t②♣❡s ♦❢ ❣❛❧❧❡r✐❡s r❡s✉❧ts ❢r♦♠ ❝❤♦♦s✐♥❣ ❞✐✛❡r❡♥t ❇♦tt✲❙❛♠❡❧s♦♥ t②♣❡ ✈❛r✐✲
❡t✐❡s✳ ●❛✉ss❡♥t✲▲✐tt❡❧♠❛♥♥ r❡❢❡r t♦ t❤✐s ❝♦♥♥❡❝t✐♦♥ ❜❡t✇❡❡♥ t❤❡ ❢♦r♠✉❧❛s ❛s
✧❣❡♦♠❡tr✐❝ ❝♦♠♣r❡ss✐♦♥✧✳ ❖♥❡ ♠❛❥♦r ❛❞✈❛♥t❛❣❡ ♦❢ ✉s✐♥❣ ♦♥❡✲s❦❡❧❡t♦♥ ❣❛❧✲
❧❡r✐❡s ✐♥st❡❛❞ ♦❢ ❛❧❝♦✈❡ ❣❛❧❧❡r✐❡s ✐s t❤❛t t❤❡r❡ ✐s ❛ ♦♥❡✲t♦✲♦♥❡ ❝♦rr❡s♣♦♥❞❡♥❝❡
❜❡t✇❡❡♥ t❤❡ ♣♦s✐t✐✈❡❧② ❢♦❧❞❡❞ ♦♥❡✲s❦❡❧❡t♦♥ ❣❛❧❧❡r✐❡s ♦❢ t②♣❡ λ ❛♥❞ t❛r❣❡t µ ❢♦r
s♦♠❡ ❞♦♠✐♥❛♥t ❝♦✇❡✐❣❤ts λ ❛♥❞ µ ❛♥❞ t❤❡ s❡♠✐st❛♥❞❛r❞ ❨♦✉♥❣ t❛❜❧❡❛✉① ♦❢
✶
s❤❛♣❡ λ ❛♥❞ ❝♦♥t❡♥t µ✱ ❢♦r ❝❧❛ss✐❝❛❧ t②♣❡s✳ ❚❤✐s ❝♦rr❡s♣♦♥❞❡♥❝❡ ❧❡❛❞s t♦ t❤❡
q✉❡st✐♦♥ ✇❤❡t❤❡r ✐t ✐s ♣♦ss✐❜❧❡ t♦ ❝❛❧❝✉❧❛t❡ t❤❡ ❝♦♥tr✐❜✉t✐♦♥ t♦ t❤❡ ●❛✉ss❡♥t✲
▲✐tt❡❧♠❛♥♥ ❢♦r♠✉❧❛ ♦❢ ❛ ♣♦s✐t✐✈❡❧② ❢♦❧❞❡❞ ♦♥❡✲s❦❡❧❡t♦♥ ❣❛❧❧❡r② δ ❞✐r❡❝t❧② ❢r♦♠
t❤❡ ❛ss♦❝✐❛t❡❞ s❡♠✐st❛♥❞❛r❞ ❨♦✉♥❣ t❛❜❧❡❛✉ Tδ✳ ■♥ t❤❡ ✜rst ♣❛rt ♦❢ t❤✐s t❤❡s✐s
✇❡ ❣✐✈❡ ❛ ♣♦s✐t✐✈❡ ❛♥s✇❡r t♦ t❤✐s q✉❡st✐♦♥ ❜② ❞❡✈❡❧♦♣✐♥❣ t❤❡ s♦✲❝❛❧❧❡❞ ❝♦♠✲
❜✐♥❛t♦r✐❛❧ ●❛✉ss❡♥t✲▲✐tt❡❧♠❛♥♥ ❢♦r♠✉❧❛✳ ❚❤❡ ❦❡② ✐♥❣r❡❞✐❡♥t ❢♦r t❤❡ ♣r♦♦❢ ♦❢
t❤✐s ❢♦r♠✉❧❛ ✐s ❛ r❡❝✉rr❡♥❝❡ ❢♦r ❛ ❝❡rt❛✐♥ s❡t ♦❢ ♣♦s✐t✐✈❡❧② ❢♦❧❞❡❞ ❣❛❧❧❡r✐❡s ♦❢
❝❤❛♠❜❡rs ✐♥ t❤❡ st❛♥❞❛r❞ ❛♣❛rt♠❡♥t ♦❢ t❤❡ r❡s✐❞✉❡ ❜✉✐❧❞✐♥❣ t❤❛t ❛♣♣❡❛rs ✐♥
t❤❡ ●❛✉ss❡♥t✲▲✐tt❡❧♠❛♥♥ ❢♦r♠✉❧❛✳
■t t✉r♥s ♦✉t t❤❛t t❤❡ ▼❛❝❞♦♥❛❧❞ ❢♦r♠✉❧❛ ❛♥❞ t❤❡ ❝♦♠❜✐♥❛t♦r✐❛❧ ●❛✉ss❡♥t✲
▲✐tt❡❧♠❛♥♥ ❢♦r♠✉❧❛ ❝♦✐♥❝✐❞❡ ❢♦r t②♣❡ An✳ ■♥ ❢❛❝t✱ t❤❡ ▼❛❝❞♦♥❛❧❞ ❢♦r♠✉❧❛ ✐s ❛
❝❧♦s❡❞ ❢♦r♠✉❧❛ ❢♦r t❤❡ r❡❝✉rs✐✈❡❧② ❞❡✜♥❡❞ ❝♦♠❜✐♥❛t♦r✐❛❧ ●❛✉ss❡♥t✲▲✐tt❡❧♠❛♥♥
❢♦r♠✉❧❛✳ ❚❤❡ ❛✐♠ ♦❢ t❤❡ s❡❝♦♥❞ ♣❛rt ♦❢ t❤✐s t❤❡s✐s ✐s t♦ ❡①♣❧❛✐♥ ❛♥❞ ♣r♦✈❡ t❤✐s
❡q✉❛❧✐t②✳ ❆♣♣❛r❡♥t❧②✱ t❤❡ ✜rst ✐♥❞✐❝❛t♦r ❢♦r t❤❡ ❡q✉❛❧✐t② ♦❢ t❤❡ t✇♦ ❢♦r♠✉❧❛s
✐s t❤❛t t❤❡② ❛r❡ ❜♦t❤ s✉♠s ♦✈❡r s❡♠✐st❛♥❞❛r❞ ❨♦✉♥❣ t❛❜❧❡❛✉①✳ ❋✉rt❤❡r✱ ✐♥
t❤❡ ❝♦♠❜✐♥❛t♦r✐❛❧ ●❛✉ss❡♥t✲▲✐tt❡❧♠❛♥♥ ❢♦r♠✉❧❛ t❤❡ ❝♦♥tr✐❜✉t✐♦♥ ♦❢ ❛ s❡♠✐✲
st❛♥❞❛r❞ ❨♦✉♥❣ t❛❜❧❡❛✉ ✐s ❛ ♣r♦❞✉❝t ♦❢ ❝♦♥tr✐❜✉t✐♦♥s ♦❢ t❤❡ ❝♦❧✉♠♥s ♦❢ t❤❡
t❛❜❧❡❛✉✳ ❚❤❡s❡ ❝♦♥tr✐❜✉t✐♦♥s ♦♥❧② ❞❡♣❡♥❞ ♦♥ t❤❡ ❝♦❧✉♠♥ ✐ts❡❧❢ ❛♥❞✱ ✐❢ ❡①✲
✐st✐♥❣✱ ♦♥ t❤❡ ❝♦❧✉♠♥ t♦ t❤❡ r✐❣❤t✳ ❘❡❢♦r♠✉❧❛t✐♥❣ t❤❡ ▼❛❝❞♦♥❛❧❞ ❢♦r♠✉❧❛
r❡✈❡❛❧s t❤✐s ♣r♦♣❡rt② ✐♥ t❤❡ ❢♦r♠✉❧❛✱ t♦♦✱ ❛❧t❤♦✉❣❤ ✐t ✐s ♥♦t ❛t ❛❧❧ ♦❜✈✐♦✉s ❛t
✜rst ❣❧❛♥❝❡✳ ❲❡ ♣r♦✈❡ t❤❡ ❡q✉❛❧✐t② ♦❢ t❤❡ t✇♦ ❢♦r♠✉❧❛s ❜② s❤♦✇✐♥❣ t❤❛t t❤❡
❝♦♥tr✐❜✉t✐♦♥ ♦❢ ❡✈❡r② ❝♦❧✉♠♥ ✐s t❤❡ s❛♠❡✳
❙✐♥❝❡ t❤❡ ▼❛❝❞♦♥❛❧❞ ❢♦r♠✉❧❛ ✐s ✈❛❧✐❞ ♦♥❧② ❢♦r t②♣❡An t❤❡ ❢♦r♠✉❧❛ ♦❢ ●❛✉ss❡♥t✲
▲✐tt❡❧♠❛♥♥ ❣❡♥❡r❛❧✐③❡s t❤❡ ▼❛❝❞♦♥❛❧❞ ❢♦r♠✉❧❛ ❛♥❞ ♣r♦✈✐❞❡s ✐t ✇✐t❤ ❛ ❣❡♦✲
♠❡tr✐❝ ❜❛❝❦❣r♦✉♥❞✳
❚❤✐s t❤❡s✐s ✐s ♦r❣❛♥✐③❡❞ ❛s ❢♦❧❧♦✇s✿
■♥ t❤❡ s❡❝♦♥❞ s❡❝t✐♦♥ ✇❡ st❛rt ❜② r❡✈✐s✐t✐♥❣ ❛❧❧ ❜❛s✐❝s r❡❣❛r❞✐♥❣ ❜✉✐❧❞✐♥❣
t❤❡♦r② t❤❛t ✇❡ ♥❡❡❞ ✐♥ ♦r❞❡r t♦ ❝♦♠♣✉t❡ t❤❡ ●❛✉ss❡♥t✲▲✐tt❡❧♠❛♥♥ ❢♦r♠✉❧❛✳
■♥ t❤❡ t❤✐r❞ s❡❝t✐♦♥ ✇❡ st❛t❡ t❤✐s ❢♦r♠✉❧❛✳ ❚❤❡ ❝♦♠❜✐♥❛t♦r✐❛❧ ✈❡rs✐♦♥ ♦❢ ✐t
❢♦r t②♣❡ An✱ Bn ❛♥❞ Cn ✐s ❞❡✈❡❧♦♣❡❞ ✐♥ t❤❡ ❢♦✉rt❤ s❡❝t✐♦♥ ✐♥❝❧✉❞✐♥❣ ❛ ❞❡✲
t❛✐❧❡❞ ❞❡s❝r✐♣t✐♦♥ ♦❢ t❤❡ r❡s♣❡❝t✐✈❡ ❨♦✉♥❣ t❛❜❧❡❛✉①✳ ■♥ t❤❡ ✜❢t❤ s❡❝t✐♦♥ ✇❡
♣r❡s❡♥t t❤❡ ▼❛❝❞♦♥❛❧❞ ❢♦r♠✉❧❛ ❛♥❞ t❤❡ s✐①t❤ s❡❝t✐♦♥ ✐s ❞❡✈♦t❡❞ t♦ ♣r♦✈✐♥❣
t❤❡ ❡q✉❛❧✐t② ♦❢ ❜♦t❤ ❢♦r♠✉❧❛s ❢♦r t②♣❡ An✳
✷✳ ❇❛s✐❝s
■♥ t❤✐s s❡❝t✐♦♥ ✇❡ r❡❝❛❧❧ s♦♠❡ ❜❛s✐❝ ♥♦t❛t✐♦♥✱ ❞❡✜♥✐t✐♦♥s ❛♥❞ ❢❛❝ts✳ ▲❡t
(X,φ, Xˇ, φˇ) ❜❡ ❛ r❡❞✉❝❡❞ r♦♦t ❞❛t✉♠ ✇❤❡r❡ 〈., .〉 ❞❡♥♦t❡s t❤❡ ♥♦♥✲❞❡❣❡♥❡r❛t❡
♣❛✐r✐♥❣ ❜❡t✇❡❡♥ X ❛♥❞ Xˇ✳ ▲❡t W ❜❡ t❤❡ ❲❡②❧ ❣r♦✉♣ ❛♥❞ l(·) ❞❡♥♦t❡ t❤❡
❧❡♥❣t❤ ❢✉♥❝t✐♦♥ ♦♥ W ✳ ❋✉rt❤❡r✱ ❧❡t ∆ = {α1, . . . , αn} ❜❡ ❛ ✜①❡❞ ❝❤♦✐❝❡ ♦❢
s✐♠♣❧❡ r♦♦ts ❛♥❞ φ+ t❤❡ s❡t ♦❢ ♣♦s✐t✐✈❡ r♦♦ts ✇✐t❤ r❡s♣❡❝t t♦ ∆✱ ρ ✐s✱ ❛s ✉s✉❛❧✱
❤❛❧❢ t❤❡ s✉♠ ♦❢ ❛❧❧ ♣♦s✐t✐✈❡ r♦♦ts✳ ▲❡t
Xˇ+ = {λ ∈ Xˇ | 〈λ, α〉 ≥ 0 ❢♦r ❛❧❧ α ∈ φ
+}
❜❡ t❤❡ s❡t ♦❢ ❞♦♠✐♥❛♥t ❝♦✇❡✐❣❤ts✳
✷
✷✳✶✳ ❍❛❧❧✲▲✐tt❧❡✇♦♦❞ ♣♦❧②♥♦♠✐❛❧s✳ ❈♦♥s✐❞❡r t❤❡ ❣r♦✉♣ ❛❧❣❡❜r❛R[Xˇ] ✇✐t❤
❝♦❡✣❝✐❡♥ts ✐♥ s♦♠❡ r✐♥❣ R✳ ▲❡t {ǫ1, . . . , ǫn} ❜❡ ❛ Z✲❜❛s✐s ♦❢ ✉♥✐t ✈❡❝t♦rs ❢♦r
Xˇ✳ ❇② s❡♥❞✐♥❣ ǫi t♦ xi ❢♦r ❡✈❡r② i ✇❡ ❝❛♥ ✐❞❡♥t✐❢② t❤✐s ❣r♦✉♣ ❛❧❣❡❜r❛ ✇✐t❤
t❤❡ ♣♦❧②♥♦♠✐❛❧ r✐♥❣ ✐♥ n ✈❛r✐❛❜❧❡s ♦✈❡r t❤❡ r✐♥❣ R✳ ■♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ✇❡
✐❞❡♥t✐❢② ❛ ❣✐✈❡♥ ❝♦✇❡✐❣❤t µ = µ1ǫ1 + · · · + µnǫn ∈ Xˇ ✇✐t❤ t❤❡ ♠♦♥♦♠✐❛❧
xµ := xµ11 ∗ · · · ∗ x
µn
n ✳ ❚❤❡ ❲❡②❧ ❣r♦✉♣ W ❛❝ts ♥❛t✉r❛❧❧② ♦♥ t❤✐s ❛❧❣❡❜r❛
t❤✉s ✇❡ ❝❛♥ ❝♦♥s✐❞❡r R[Xˇ]W ✇❤✐❝❤ ✐s t❤❡ ❛❧❣❡❜r❛ ♦❢ ✐♥✈❛r✐❛♥ts ✉♥❞❡r t❤✐s
❛❝t✐♦♥✳ ❚❤✐s ❛❧❣❡❜r❛ ✐s ❛❧s♦ ❦♥♦✇♥ ❛s t❤❡ ❛❧❣❡❜r❛ ♦❢ s②♠♠❡tr✐❝ ♣♦❧②♥♦♠✐❛❧s
❞✉❡ t♦ t❤❡ ❛❜♦✈❡ ✐❞❡♥t✐✜❝❛t✐♦♥✳ ❚❤❡r❡ ❛r❡ s❡✈❡r❛❧ ❝❧❛ss✐❝❛❧ ❜❛s❡s ❦♥♦✇♥ ❢♦r
t❤❡ ❛❧❣❡❜r❛ ♦❢ s②♠♠❡tr✐❝ ♣♦❧②♥♦♠✐❛❧s✳ ❚❤❡ ♦♥❡ ✇❡ ♥❡❡❞ ✐s t❤❡ ♠♦♥♦♠✐❛❧
❜❛s✐s {mλ(x)}λ∈Xˇ+ ❝♦♥s✐st✐♥❣ ♦❢ t❤❡ ♠♦♥♦♠✐❛❧ s②♠♠❡tr✐❝ ❢✉♥❝t✐♦♥s mλ(x)
❢♦r λ ∈ Xˇ+✳ ❚❤❡② ❛r❡ ❞❡✜♥❡❞ ❛s ❢♦❧❧♦✇s✿
mλ(x) :=
∑
w∈W/Wλ
xw(λ),
✇❤❡r❡ Wλ ✐s t❤❡ st❛❜✐❧✐③❡r ♦❢ λ ✐♥ W ✳
◆♦✇ ❧❡t R = Z[q, q−1] ❜❡ t❤❡ r✐♥❣ ♦❢ ▲❛✉r❡♥t ♣♦❧②♥♦♠✐❛❧s ✇✐t❤ ❝♦❡✣❝✐❡♥ts
✐♥ Z✳ ❚❤❡ ❍❛❧❧✲▲✐tt❧❡✇♦♦❞ ♣♦❧②♥♦♠✐❛❧s {Pλ(x, q)}λ∈Xˇ+ ❢♦r♠ ❛ ❜❛s✐s ❢♦r
Z[q, q−1][X]W ✳ ❚❤❡② ❛r❡ ❞❡✜♥❡❞ ❛s ❢♦❧❧♦✇s✿
Pλ(x, q) =
1
Wλ(q−1)
∑
w∈W
w(xλ
∏
α∈φ+
1− q−1x−αˇ
1− x−αˇ
),
✇❤❡r❡ Wλ(q
−1) =
∑
w∈Wλ
q−l(w)✳
❊①♣❛♥❞✐♥❣ t❤❡ ❍❛❧❧✲▲✐tt❧❡✇♦♦❞ ♣♦❧②♥♦♠✐❛❧s {Pλ(x, q)}λ∈Xˇ+ ✐♥ t❡r♠s ♦❢ t❤❡
♠♦♥♦♠✐❛❧ ❜❛s✐s {mµ(x)}µ∈Xˇ+ ❧❡❛❞s t♦ ▲❛✉r❡♥t ♣♦❧②♥♦♠✐❛❧s Lλ,µ(q)✿
Pλ(x, q) =
∑
µ∈Xˇ+
q−〈λ+µ,ρ〉Lλ,µ(q)mµ(x).
❚❤❡ ●❛✉ss❡♥t✲▲✐tt❡❧♠❛♥♥ ❢♦r♠✉❧❛ ❞❡s❝r✐❜❡s ❡①❛❝t❧② t❤❡s❡ ▲❛✉r❡♥t ♣♦❧②♥♦✲
♠✐❛❧s Lλ,µ(q)✳
✷✳✷✳ ❇✉✐❧❞✐♥❣s✳ ■♥ t❤✐s s❡❝t✐♦♥ ✇❡ r❡❝❛❧❧ t❤❛t ♣❛rt ♦❢ t❤❡ t❤❡♦r② ♦❢ ❜✉✐❧❞✲
✐♥❣s ✇❤✐❝❤ ✐s ❡ss❡♥t✐❛❧ ❢♦r ✉♥❞❡rst❛♥❞✐♥❣ t❤❡ ❝♦♠❜✐♥❛t♦r✐❝s ✐♥ t❤✐s t❤❡s✐s ✭s❡❡
❬●▲✶❪✮✳ ❋♦r ❛ ❞❡t❛✐❧❡❞ ✐♥tr♦❞✉❝t✐♦♥ t♦ ❜✉✐❧❞✐♥❣s ✇❡ r❡❢❡r t♦ ❘♦♥❛♥✬s ❜♦♦❦ ❬❘❪✳
❚❤❡ ●❛✉ss❡♥t✲▲✐tt❡❧♠❛♥♥ ❢♦r♠✉❧❛ ❢♦r ❍❛❧❧✲▲✐tt❧❡✇♦♦❞ ♣♦❧②♥♦♠✐❛❧s ✐s ✐♥ t❡r♠s
♦❢ ❝♦♠❜✐♥❛t♦r✐❛❧ ♦♥❡✲s❦❡❧❡t♦♥ ❣❛❧❧❡r✐❡s✳ ❚❤❡s❡ ♦❜❥❡❝ts ❛r❡ ❝♦♥t❛✐♥❡❞ ✐♥ ❛ ✜①❡❞
st❛♥❞❛r❞ ❛♣❛rt♠❡♥t ♦❢ t❤❡ ❛✣♥❡ ❜✉✐❧❞✐♥❣✳
▲❡t A := Xˇ ⊗Z R ❜❡ t❤❡ r❡❛❧ s♣❛♥ ♦❢ t❤❡ ❝♦✇❡✐❣❤t ❧❛tt✐❝❡✳ ❋♦r ❡✈❡r② ♣❛✐r
(α, n) ✇✐t❤ α ∈ φ+ ❛♥❞ n ∈ Z ✇❡ ❞❡✜♥❡ t❤❡ ❛✣♥❡ ❤②♣❡r♣❧❛♥❡
H(α,n) := {x ∈ A | 〈x, α〉 = n}.
▲❡t Ha = {H(α,n) | α ∈ φ
+ , n ∈ Z} ❜❡ t❤❡ s❡t ♦❢ ❛❧❧ ❛✣♥❡ ❤②♣❡r♣❧❛♥❡s✳
❚❤❡ st❛♥❞❛r❞ ❛♣❛rt♠❡♥t ♦❢ t❤❡ ❛✣♥❡ ❜✉✐❧❞✐♥❣ ❛ss♦❝✐❛t❡❞ t♦ t❤❡ ❣✐✈❡♥
✸
r♦♦t ❞❛t✉♠ ✐s t❤❡ ✈❡❝t♦r s♣❛❝❡ A t♦❣❡t❤❡r ✇✐t❤ t❤❡ ❤②♣❡r♣❧❛♥❡ ❛rr❛♥❣❡♠❡♥t
Ha✳
❘❡❝❛❧❧ t❤❛t t❤❡ ❲❡②❧ ❣r♦✉♣ W ✐s t❤❡ s✉❜❣r♦✉♣ ♦❢ GL(A) ❣❡♥❡r❛t❡❞ ❜② ❛❧❧
r❡✢❡❝t✐♦♥s
sα(x) = x− 〈α, x〉 αˇ
❛t t❤❡ ❤②♣❡r♣❧❛♥❡s H(α,0) ❢♦r α ∈ φ ❛♥❞ x ∈ A✳ ❚❤❡ r❡✢❡❝t✐♦♥s si = sαi
❢♦r i ∈ {1, . . . , n} ❛t t❤❡ ❤②♣❡r♣❧❛♥❡s H(αi,0) ❛r❡ ❝❛❧❧❡❞ s✐♠♣❧❡ r❡✢❡❝t✐♦♥s✳
❚❤❡ s❡t ♦❢ s✐♠♣❧❡ r❡✢❡❝t✐♦♥s ❛❧r❡❛❞② ❣❡♥❡r❛t❡s W ✳ ❲❡ ❞❡✜♥❡ t❤❡ ❛✣♥❡ ❲❡②❧
❣r♦✉♣ W a t♦ ❜❡ t❤❡ s✉❜❣r♦✉♣ ♦❢ t❤❡ ❛✣♥❡ tr❛♥s❢♦r♠❛t✐♦♥s ♦❢ A ❣❡♥❡r❛t❡❞
❜② ❛❧❧ r❡✢❡❝t✐♦♥s ❛t t❤❡ ❤②♣❡r♣❧❛♥❡s Ha✳ ❲❡ ❞❡♥♦t❡ t❤❡ r❡✢❡❝t✐♦♥ ❛t t❤❡
❤②♣❡r♣❧❛♥❡ H(α,n) ❜② s(α,n)✳
▲❡t
H+(α,n) = {x ∈ A | 〈α, x〉 ≥ n}
❜❡ t❤❡ ♣♦s✐t✐✈❡ ❝❧♦s❡❞ ❤❛❧❢✲s♣❛❝❡ ❛♥❞
H−(α,n) = {x ∈ A | 〈α, x〉 ≤ n}
❜❡ t❤❡ ♥❡❣❛t✐✈❡ ❝❧♦s❡❞ ❤❛❧❢✲s♣❛❝❡ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ (α, n)✳
❆ ❢❛❝❡ F ✐♥ A ✐s ❛ s✉❜s❡t ♦❢ A ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ ❢♦r♠✿
F =
⋂
(α,n)∈φ+×Z
H
e(α,n)
(α,n) ,
✇❤❡r❡ e(α,n) ∈ {+,−, ∅} ❛♥❞ H
∅
(α,n) = H(α,n)✳ ❇② t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ♦♣❡♥
❢❛❝❡ F
◦
✇❡ ♠❡❛♥ t❤❡ s✉❜s❡t ♦❢ F ♦❜t❛✐♥❡❞ ❜② r❡♣❧❛❝✐♥❣ t❤❡ ❝❧♦s❡❞ ❛✣♥❡ ❤❛❧❢✲
s♣❛❝❡s ✐♥ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ F ❜② t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ♦♣❡♥ ❛✣♥❡ ❤❛❧❢✲s♣❛❝❡s✳
❲❡ ❝❛❧❧ t❤❡ ❛✣♥❡ s♣❛♥ ♦❢ ❛ ❢❛❝❡ F t❤❡ s✉♣♣♦rt ♦❢ F ✱ t❤❡ ❞✐♠❡♥s✐♦♥ ♦❢
❛ ❢❛❝❡ F ✐s t❤❡ ❞✐♠❡♥s✐♦♥ ♦❢ ✐ts s✉♣♣♦rt✳ ❲❡ ❝❛❧❧ ❛ ❢❛❝❡ ♦❢ ❞✐♠❡♥s✐♦♥ ③❡r♦
❛ ✈❡rt❡① ❛♥❞ ❛ ❢❛❝❡ ♦❢ ❞✐♠❡♥s✐♦♥ ♦♥❡ ❛♥ ❡❞❣❡✳ ❚❤❡ ❢❛❝❡s ❣✐✈❡♥ ❜② ♥♦♥✲
❡♠♣t② ✐♥t❡rs❡❝t✐♦♥s ♦❢ ❤❛❧❢✲s♣❛❝❡s ❛r❡ t❤❡ ❢❛❝❡s ♦❢ ♠❛①✐♠❛❧ ❞✐♠❡♥s✐♦♥ ❛♥❞
❛r❡ ❝❛❧❧❡❞ ❛❧❝♦✈❡s✳ ❋♦r ❛ ✈❡rt❡① V ❧❡t φV ❞❡♥♦t❡ t❤❡ s✉❜r♦♦ts②st❡♠ ♦❢ φ
❝♦♥s✐st✐♥❣ ♦❢ ❛❧❧ r♦♦ts α s✉❝❤ t❤❛t H(α,n) ❝♦♥t❛✐♥s V ❢♦r s♦♠❡ n ∈ Z✳ ❲❡
❝❛❧❧ ❛ ✈❡rt❡① V ✇✐t❤ φV = φ ❛ s♣❡❝✐❛❧ ✈❡rt❡①✳ ❚❤❡ s♣❡❝✐❛❧ ✈❡rt✐❝❡s ❛r❡
♣r❡❝✐s❡❧② t❤❡ ❝♦✇❡✐❣❤ts Xˇ✳ ❲❡ ❞❡♥♦t❡ t❤❡ s✉❜❣r♦✉♣ ♦❢ W ❝♦♥s✐st✐♥❣ ♦❢ ❛❧❧
r❡✢❡❝t✐♦♥s sα s✉❝❤ t❤❛t α ∈ φV ❜② W
v
V ✳ ❋♦r ❛♥ ❛r❜✐tr❛r② ❢❛❝❡ F ✐♥ A ❧❡t WF
❜❡ t❤❡ st❛❜✐❧✐③❡r ♦❢ F ✐♥ W ❛♥❞ W aF t❤❡ st❛❜✐❧✐③❡r ♦❢ F ✐♥ W
a✳ ◆♦t❡ t❤❛t
W aV ❛♥❞ W
v
V ❛r❡ ✐s♦♠♦r♣❤✐❝✳ ❆♥ ✐♠♣♦rt❛♥t ❢❛❝❡✱ t❤❡ ❢✉♥❞❛♠❡♥t❛❧ ❛❧❝♦✈❡
∆f ✐s ❞❡✜♥❡❞ ❛s ❢♦❧❧♦✇s✿
∆f = {x ∈ A | 0 ≤ 〈α, x〉 ≤ 1 ∀α ∈ φ
+}.
❚❤❡ ❢✉♥❞❛♠❡♥t❛❧ ❛❧❝♦✈❡ ∆f ✐s ❛ ❢✉♥❞❛♠❡♥t❛❧ ❞♦♠❛✐♥ ❢♦r t❤❡ ❛❝t✐♦♥ ♦❢ W
a
♦♥ A✳
❚❤❡ t②♣❡ ♦❢ ❛ ❢❛❝❡ F ✐s ❞❡✜♥❡❞ ❛s ❢♦❧❧♦✇s✿ ▲❡t Sa ❜❡ t❤❡ s✉❜s❡t ♦❢ (φ+×Z)
✹
✇✐t❤ ∆f ∩H(α,n) ✐s ❛ ❢❛❝❡ ♦❢ ❝♦❞✐♠❡♥s✐♦♥ ♦♥❡ ❢♦r (α, n) ∈ (φ
+ × Z)✳ ▲❡t F
❜❡ ❛ ❢❛❝❡ ♦❢ A ❝♦♥t❛✐♥❡❞ ✐♥ ∆f ✳ ❚❤❡ t②♣❡ ♦❢ F ✐s ❞❡✜♥❡❞ ❛s
t(F ) = {(α, n) ∈ Sa | F ⊂ H(α,n)}.
▲❡t ♥♦✇ F ❜❡ ❛♥ ❛r❜✐tr❛r② ❢❛❝❡ ♦❢ A✳ ❚❤❡♥ t❤❡r❡ ✐s ❛ ✉♥✐q✉❡ ❢❛❝❡ Ff ♦❢ A
❝♦♥t❛✐♥❡❞ ✐♥ ∆f ✇✐t❤ t❤❡ ♣r♦♣❡rt② t❤❛t t❤❡r❡ ❡①✐sts ❛♥ ❡❧❡♠❡♥t w ∈W
a s✉❝❤
t❤❛t w(Ff ) = F ✳ ❲❡ ❞❡✜♥❡ t❤❡ t②♣❡ ♦❢ F t♦ ❜❡ t(F ) = t(Ff )✳
▲❡t Ω ❜❡ ❛ s✉❜s❡t ♦❢ A✳ ❲❡ s❛② t❤❛t ❛ ❤②♣❡r♣❧❛♥❡ H ∈ Ha s❡♣❛r❛t❡s
Ω ❛♥❞ ❛ ❢❛❝❡ F ♦❢ A ✐❢ Ω ✐s ❝♦♥t❛✐♥❡❞ ✐♥ H+ ♦r H− ❛♥❞ F
◦
✐s ❝♦♥t❛✐♥❡❞ ✐♥
t❤❡ ♦♣♣♦s✐t❡ ♦♣❡♥ ❤❛❧❢ s♣❛❝❡✳
❚❤❡ ❝❧♦s✉r❡s ♦❢ t❤❡ ✐rr❡❞✉❝✐❜❧❡ ❝♦♠♣♦♥❡♥ts ♦❢ A\
⋃
α∈φH(α,0) ❛r❡ ❝❛❧❧❡❞
❝❤❛♠❜❡rs✳ ❚❤❡ ❝❤❛♠❜❡r t❤❛t ❝♦♥t❛✐♥s ∆F ✐s ❝❛❧❧❡❞ t❤❡ ❞♦♠✐♥❛♥t ❝❤❛♠✲
❜❡r ❛♥❞ ✐s ❞❡♥♦t❡❞ ❜② C+✳ ❚❤✐s ❝❤❛♠❜❡r ✐s ❛ ❢✉♥❞❛♠❡♥t❛❧ ❞♦♠❛✐♥ ❢♦r t❤❡
❛❝t✐♦♥ ♦❢ W ♦♥ A✳ ❇② ❛♣♣❧②✐♥❣ t❤❡ ❧♦♥❣❡st ❲❡②❧ ❣r♦✉♣ ❡❧❡♠❡♥t w0 ∈ W t♦
C+ ✇❡ ♦❜t❛✐♥ t❤❡ s♦✲❝❛❧❧❡❞ ❛♥t✐✲❞♦♠✐♥❛♥t ❝❤❛♠❜❡r C−✳ ❚❤✐s ❝❤❛♠❜❡r
✐s t❤❡ ✉♥✐q✉❡ ❝❤❛♠❜❡r ♦❢ A s✉❝❤ t❤❛t ❡✈❡r② ❤②♣❡r♣❧❛♥❡ H(αi,0) s❡♣❛r❛t❡s αiˇ
❢r♦♠ C− ❢♦r ❛❧❧ s✐♠♣❧❡ r♦♦ts αi✳ ❆ s❡❝t♦r S ❛t t❤❡ ✈❡rt❡① V ✐♥ A ✐s ❛ ❝❤❛♠✲
❜❡r C tr❛♥s❧❛t❡❞ ❜② t❤❡ ✈❡rt❡① V ❛♥❞ t❤❡ s❡❝t♦r −S ❛t V ✐s t❤❡ ❝❤❛♠❜❡r
−C = {−x | x ∈ C} tr❛♥s❧❛t❡❞ ❜② V ✳ ❲❡ ❝❛♥ ❞❡✜♥❡ ❛♥ ❡q✉✐✈❛❧❡♥❝❡ r❡❧❛t✐♦♥
♦♥ t❤❡ s❡t ♦❢ s❡❝t♦rs ❛s ❢♦❧❧♦✇s✿ ❆♥② t✇♦ s❡❝t♦rs ❛r❡ ✐♥ t❤❡ s❛♠❡ ❡q✉✐✈❛❧❡♥❝❡
❝❧❛ss ✐❢ t❤❡✐r ✐♥t❡rs❡❝t✐♦♥ ✐s ❛❣❛✐♥ ❛ s❡❝t♦r✳ ❲❡ ❞❡♥♦t❡ t❤❡ ❡q✉✐✈❛❧❡♥❝❡ ❝❧❛ss
♦❢ ❛ s❡❝t♦r S ❜② S✳ ❚❤❡ s❡t ♦❢ ❛❧❧ ❡q✉✐✈❛❧❡♥❝❡ ❝❧❛ss❡s ✐s ✐♥ ❜✐❥❡❝t✐♦♥ ✇✐t❤ t❤❡
❲❡②❧ ❣r♦✉♣W ✈✐❛ t❤❡ ♠❛♣ t❤❛t s❡♥❞s ❛ s❡❝t♦r S t♦ w ∈W ✇✐t❤ w(C+) = S✳
❚❤❡ ❧❛st ♦❜❥❡❝t ✇❡ ♥❡❡❞ t♦ ✐♥tr♦❞✉❝❡ ✐s t❤❡ st❛♥❞❛r❞ ❛♣❛rt♠❡♥t ♦❢ t❤❡
r❡s✐❞✉❡ ❜✉✐❧❞✐♥❣ ❛t ❛ ✈❡rt❡① V ✐♥ A✳ ❚❤❡ st❛♥❞❛r❞ ❛♣❛rt♠❡♥t ♦❢ t❤❡ r❡s✐❞✉❡
❜✉✐❧❞✐♥❣ ❛t V ✐s t❤❡ ✈❡❝t♦r s♣❛❝❡ A t♦❣❡t❤❡r ✇✐t❤ t❤❡ s✉❜s❡t ♦❢ Ha ❝♦♥s✐st✐♥❣
♦❢ t❤❡ ❛✣♥❡ ❤②♣❡r♣❧❛♥❡s t❤❛t ❝♦♥t❛✐♥ V ✳ ❲❡ r❡❢❡r t♦ t❤❡ st❛♥❞❛r❞ ❛♣❛rt✲
♠❡♥t ♦❢ t❤❡ r❡s✐❞✉❡ ❜✉✐❧❞✐♥❣ ❛s AV ✳ ❚❤❡ s❡t ♦❢ ❢❛❝❡s ♦❢ AV ❝♦♥s✐sts ♦❢ ❛❧❧
❢❛❝❡s F ♦❢ A t❤❛t ❝♦♥t❛✐♥ V ✳ ❲❡ ❞❡♥♦t❡ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❢❛❝❡ ✐♥ A ❜② FV ✳
▲❡t S ❜❡ ❛ s❡❝t♦r ❛t V ✐♥ A✳ ❲❡ ❛ss♦❝✐❛t❡ t♦ S ❛ ❢❛❝❡ SV ♦❢ AV ❛s ❢♦❧❧♦✇s✿
▲❡t ∆ ∈ A ❜❡ t❤❡ ✉♥✐q✉❡ ❛❧❝♦✈❡ ✐♥ t❤❡ ❛♣❛rt♠❡♥t ♦❢ t❤❡ ❛✣♥❡ ❜✉✐❧❞✐♥❣ ✇✐t❤
S
◦
∩∆
◦
6= ∅✳ ❚❤❡♥ SV ✐s ❞❡✜♥❡❞ t♦ ❜❡ ∆V ✳
❲❡ ❝❛♥ ✐❞❡♥t✐❢② t❤❡ ❢❛❝❡s ♦❢ AV ❛s ❢♦❧❧♦✇s✿ ❈♦♥s✐❞❡r t❤❡ s❡t R ♦❢ ♦❜❥❡❝ts ✐♥
A ♦❢ t❤❡ ❢♦r♠ ⋂
(α,n)∈φ+×Z
H(α,n)∋V
H
e(α,n)
(α,n) ,
✇❤❡r❡ e(α,n) ∈ {+,−, ∅} ❛♥❞ H
∅
(α,n) = H(α,n)✳ ❲❡ ✐❞❡♥t✐❢② ❡✈❡r② ❢❛❝❡ F ♦❢ AV
✇✐t❤ t❤❡ ♦❜❥❡❝t ✐♥ R t❤❛t ❝♦♥t❛✐♥s F ❛♥❞ ✐s t❤❡ s♠❛❧❧❡st ✇✐t❤ t❤✐s ♣r♦♣❡rt②✳
❇❡❝❛✉s❡ ♦❢ t❤✐s ✐❞❡♥t✐✜❝❛t✐♦♥ ✇❡ ❝❛❧❧ ❛ ❢❛❝❡ FV ✐♥ t❤❡ st❛♥❞❛r❞ ❛♣❛rt♠❡♥t ♦❢
✺
t❤❡ r❡s✐❞✉❡ ❜✉✐❧❞✐♥❣ ❛t V ❝♦♠✐♥❣ ❢r♦♠ ❛♥ ❛❧❝♦✈❡ F ✐♥ t❤❡ ❛♣❛rt♠❡♥t ♦❢ t❤❡
❛✣♥❡ ❜✉✐❧❞✐♥❣ ❛ ❝❤❛♠❜❡r✳
❈♦♥s✐❞❡r t❤❡ s❡❝t♦r C−+V ✱ t❤❡ tr❛♥s❧❛t❡❞ ❛♥t✐✲❞♦♠✐♥❛♥t ❝❤❛♠❜❡r ✐♥ A✳ ❲❡
❞❡♥♦t❡ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❝❤❛♠❜❡r ✐♥ t❤❡ st❛♥❞❛r❞ ❛♣❛rt♠❡♥t ♦❢ t❤❡ r❡s✐❞✉❡
❜✉✐❧❞✐♥❣ ❛t V ❜② C−V ✳ ❚❤❡ ❝❤❛♠❜❡r C
−
V ✐s ❛ ❢✉♥❞❛♠❡♥t❛❧ ❞♦♠❛✐♥ ❢♦r t❤❡
❛❝t✐♦♥ ♦❢ t❤❡ s✉❜❣r♦✉♣ W aV ♦❢ W
a ♦♥ AV ✳ ▲❡t {β1, . . . , βm} ❜❡ t❤❡ s❡t ♦❢
s✐♠♣❧❡ r♦♦ts ❢♦r φV s✉❝❤ t❤❛t ❢♦r ❡✈❡r② (βi, ni) ✇✐t❤ H(βi,ni) ❝♦♥t❛✐♥s V t❤❡
❤②♣❡r♣❧❛♥❡ H(βi,ni) s❡♣❛r❛t❡s βiˇ + V ❢r♦♠ C
−
V ✳ ❚❤❡ r❡✢❡❝t✐♦♥s s(βi,ni) ❢♦r
i ∈ {1, . . . ,m} ❛r❡ t❤❡ s✐♠♣❧❡ r❡✢❡❝t✐♦♥s ♦❢ t❤❡ ❲❡②❧ ❣r♦✉♣ W aV ✳ ❙✐♥❝❡ t❤❡r❡
✇✐❧❧ ❜❡ ♥♦ r♦♦♠ ❢♦r ❝♦♥❢✉s✐♦♥ ✇❡ ❛❧s♦ ❞❡♥♦t❡ t❤❡ s✐♠♣❧❡ r❡✢❡❝t✐♦♥s ♦❢ W aV ❜②
si = s(βi,ni) ❢♦r i ∈ {1, . . . ,m}✳ ❲✐t❤ r❡s♣❡❝t t♦ t❤✐s s❡t ♦❢ s✐♠♣❧❡ r❡✢❡❝t✐♦♥s
C−V ✐s t❤❡ ❛♥t✐✲❞♦♠✐♥❛♥t ❝❤❛♠❜❡r ♦❢ AV ✳ ▲❡t F ❜❡ ❛ ❢❛❝❡ ♦❢ AV ✐♥ C
−
V ✳ ❚❤❡
t②♣❡ ♦❢ F ✐s ❞❡✜♥❡❞ ❛s t(F ) = {i | F ∈ H(βi,ni)}. ◆♦✇ ❧❡t F ❜❡ ❛♥ ❛r❜✐tr❛r②
❢❛❝❡ ♦❢ AV ✱ t❤❡♥ t❤❡r❡ ❡①✐sts ❛ ✉♥✐q✉❡ ❢❛❝❡ Ff ∈ C
−
V ❛♥❞ ❛ w ∈ W
a
V s✉❝❤
t❤❛t F = w(Ff )✳ ❲❡ ❞❡✜♥❡ t❤❡ t②♣❡ ♦❢ F t♦ ❜❡ t(F ) = t(Ff )✳ ◆♦t❡ t❤❛t ✇❡
st❛rt ❜② ❞❡✜♥✐♥❣ t❤❡ t②♣❡ ♦❢ t❤❡ ❢❛❝❡s ♦❢ t❤❡ ❛♥t✐✲❞♦♠✐♥❛♥t ❝❤❛♠❜❡r C−V ❛♥❞
♥♦t ♦❢ t❤❡ ❞♦♠✐♥❛♥t ❛s ✐♥ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ t②♣❡ ♦❢ ❛ ❢❛❝❡ ✐♥ t❤❡ st❛♥❞❛r❞
❛♣❛rt♠❡♥t ♦❢ t❤❡ ❛✣♥❡ ❜✉✐❧❞✐♥❣✳
✷✳✸✳ ❖♥❡✲s❦❡❧❡t♦♥ ❣❛❧❧❡r✐❡s✳ ■♥ ❣❡♥❡r❛❧✱ ❛ ❣❛❧❧❡r② ✐s ❛ s❡q✉❡♥❝❡ ♦❢ ❢❛❝❡s ✐♥
t❤❡ st❛♥❞❛r❞ ❛♣❛rt♠❡♥t ♦❢ ❛ ❜✉✐❧❞✐♥❣ ✇❤❡r❡ ❛ ❢❛❝❡ ✐s ❝♦♥t❛✐♥❡❞ ♦r ❝♦♥t❛✐♥s
t❤❡ s✉❜s❡q✉❡♥t ❢❛❝❡✳
❉❡✜♥✐t✐♦♥ ✶✳ ❆ ♦♥❡✲s❦❡❧❡t♦♥ ❣❛❧❧❡r② ✐♥ A ✐s ❛ s❡q✉❡♥❝❡ δ = (V0 ⊂ E0 ⊃
V1 ⊂ · · · ⊃ Vr+1) ✇❤❡r❡
✭✐✮ Vi ❢♦r i ∈ {0, . . . , r + 1} ✐s ❛ ✈❡rt❡① ✐♥ A ❛♥❞
✭✐✐✮ Ei ❢♦r i ∈ {0, . . . , r} ✐s ❛♥ ❡❞❣❡ ✐♥ A✳
❲❡ ❝❛♥ ❝♦♥❝❛t❡♥❛t❡ t✇♦ ♦♥❡✲s❦❡❧❡t♦♥ ❣❛❧❧❡r✐❡s δ = (V0 ⊂ E0 ⊃ V1 ⊂ · · · ⊃
Vr+1) ❛♥❞ δ
′ = (V ′0 ⊂ E
′
0 ⊃ V
′
1 ⊂ · · · ⊃ V
′
r+1) ✐❢ Vr+1 = V
′
0 ✐♥ A ❜②
δ ∗ δ′ = (V0 ⊂ E0 ⊃ V1 ⊂ · · · ⊃ Vr+1 = V
′
0 ⊂ E
′
0 ⊃ V
′
1 ⊂ · · · ⊃ V
′
r+1).
❲❡ ❛❧s♦ ✉s❡ t❤✐s ♥♦t❛t✐♦♥ ✐❢ t❤❡ ❧❛st ✈❡rt❡① ♦❢ t❤❡ ✜rst ❣❛❧❧❡r② ❞♦❡s ♥♦t ❝♦✲
✐♥❝✐❞❡ ✇✐t❤ t❤❡ ✜rst ✈❡rt❡① ♦❢ t❤❡ s❡❝♦♥❞ ♦♥❡✳ ■♥ t❤✐s s✐t✉❛t✐♦♥ δ ∗ δ′ ♠❡❛♥s
t❤❡ ❝♦♥❝❛t❡♥❛t✐♦♥ ♦❢ δ ✇✐t❤ t❤❡ tr❛♥s❧❛t❡❞ ❣❛❧❧❡r② δ′ + (Vr+1 − V0)✳
❚❤❡ ❢♦r♠✉❧❛ ♦❢ ●❛✉ss❡♥t✲▲✐tt❡❧♠❛♥♥ ✐s ✐♥ t❡r♠s ♦❢ ❝♦♠❜✐♥❛t♦r✐❛❧ ♦♥❡✲s❦❡❧❡t♦♥
❣❛❧❧❡r✐❡s✳
❉❡✜♥✐t✐♦♥ ✷✳ ❆ ❝♦♠❜✐♥❛t♦r✐❛❧ ♦♥❡✲s❦❡❧❡t♦♥ ❣❛❧❧❡r② ✐♥ A ✐s ❛ ♦♥❡✲s❦❡❧❡t♦♥
❣❛❧❧❡r② δ = (V0 ⊂ E0 ⊃ V1 ⊂ · · · ⊃ Vr+1) ✇❤❡r❡ V0 ❛♥❞ Vr+1 ❛r❡ s♣❡❝✐❛❧
✈❡rt✐❝❡s✳
▲❡t ω ❜❡ ❛ ❢✉♥❞❛♠❡♥t❛❧ ❝♦✇❡✐❣❤t✳ ❲❡ ❞❡✜♥❡ ❛ ❝♦♠❜✐♥❛t♦r✐❛❧ ♦♥❡✲s❦❡❧❡t♦♥
❣❛❧❧❡r② δω = (o ⊂ E0 ⊃ · · · ⊃ ω) ❛ss♦❝✐❛t❡❞ t♦ ω ❛s ❢♦❧❧♦✇s✿
❈♦♥s✐❞❡r R≥0ω t❤❡ r❡❛❧ s♣❛♥ ♦❢ ω ✐♥ A✳ ▲❡t E0 ❜❡ t❤❡ ✉♥✐q✉❡ ❡❞❣❡ ✐♥
t❤❡ ✐♥t❡rs❡❝t✐♦♥ ♦❢ t❤❡ ❢✉♥❞❛♠❡♥t❛❧ ❛❧❝♦✈❡ ∆f ✇✐t❤ R≥0ω✳ ▲❡t V1 ❜❡ t❤❡
✈❡rt❡① ❝♦♥t❛✐♥❡❞ ✐♥ E0 ❞✐✛❡r❡♥t ❢r♦♠ V0✳ ■❢ V1 ✐s ω ✭❛s ✐t ✐s ✐❢ ❛♥❞ ♦♥❧② ✐❢ ω ✐s
✻
♠✐♥✉s❝✉❧❡✮ t❤❡♥ δω = (o ⊂ E0 ⊃ ω)✳ ❖t❤❡r✇✐s❡ t❤❡ s✉❜s❡q✉❡♥t ❡❞❣❡ E1 ✐s t❤❡
✉♥✐q✉❡ ❡❞❣❡ ✐♥ R≥0ω t❤❛t ❝♦♥t❛✐♥s V1 ❛♥❞ ✐s ❞✐✛❡r❡♥t ❢r♦♠ E0 ❛♥❞ s♦ ♦♥ ✉♥t✐❧
t❤❡ ✈❡rt❡① ✐s ω✳ ❲❡ ❝❛❧❧ t❤❡s❡ ♦♥❡✲s❦❡❧❡t♦♥ ❣❛❧❧❡r✐❡s ❢✉♥❞❛♠❡♥t❛❧ ❛❧t❤♦✉❣❤
t❤❡② ❞♦ ♥♦t ❤❛✈❡ t♦ ❜❡ ❝♦♥t❛✐♥❡❞ ✐♥ t❤❡ ❢✉♥❞❛♠❡♥t❛❧ ❛❧❝♦✈❡ ❛♥❞ ✇❡ ❝❛❧❧
Eω := E0 t❤❡ ❢✉♥❞❛♠❡♥t❛❧ ❡❞❣❡ ❛♥❞ Vω := V1 t❤❡ ❢✉♥❞❛♠❡♥t❛❧ ✈❡rt❡① ✐♥ ω✲
❞✐r❡❝t✐♦♥✳ ❯♥❧❡ss ω ✐s ♥♦t ♠✐♥✉s❝✉❧❡ Vω ❞♦❡s ♥♦t ❝♦✐♥❝✐❞❡ ✇✐t❤ t❤❡ ✈❡rt❡① ω✳
❋✉rt❤❡r✱ ✇❡ ❞❡✜♥❡ t❤❡ ♠✐♥✉s❝✉❧❡ ♦♥❡✲s❦❡❧❡t♦♥ ❣❛❧❧❡r② δEω = (o ⊂ Eω ⊃ Vω)
❛♥❞ ✐ts ❲❡②❧ ❣r♦✉♣ ❝♦♥❥✉❣❛t❡s δw(Eω) = w(δEω) = (o ⊂ w(Eω) ⊃ w(Vω))
❢♦r w ∈ W ✳ ❊✈❡r② ❡❞❣❡ ✐♥ t❤❡ ❛♣❛rt♠❡♥t A ✐s ❛ ✭❞✐s♣❧❛❝❡❞✮ ❲❡②❧ ❣r♦✉♣
❝♦♥❥✉❣❛t❡ ♦❢ ❛ ❢✉♥❞❛♠❡♥t❛❧ ❡❞❣❡✳ ❚❤✉s✱ ❡✈❡r② ♦♥❡✲s❦❡❧❡t♦♥ ❣❛❧❧❡r② δ ✐s ❛
❝♦♥❝❛t❡♥❛t✐♦♥ ♦❢ ❲❡②❧ ❣r♦✉♣ ❝♦♥❥✉❣❛t❡s ♦❢ ♠✐♥✉s❝✉❧❡ ♦♥❡✲s❦❡❧❡t♦♥ ❣❛❧❧❡r✐❡s
✐✳❡✳ δ = δw0(Eωi0 )
∗ · · · ∗ δwr(Eωir )
✇❤❡r❡ ωij ❛r❡ ❢✉♥❞❛♠❡♥t❛❧ ❝♦✇❡✐❣❤ts ❛♥❞
wi ∈ W ❢♦r ❡✈❡r② i✳ ❲❡ r❡❢❡r t♦ t❤✐s ♣r❡s❡♥t❛t✐♦♥ ♦❢ ❛ ♦♥❡✲s❦❡❧❡t♦♥ ❣❛❧❧❡r②
❛s ✐ts ♠✐♥✉s❝✉❧❡ ♣r❡s❡♥t❛t✐♦♥✳
❲❡ ♥♦✇ ❞❡✜♥❡ ❛ ❝♦♠❜✐♥❛t♦r✐❛❧ ♦♥❡✲s❦❡❧❡t♦♥ ❣❛❧❧❡r② ❛ss♦❝✐❛t❡❞ t♦ ❛ ❞♦♠✐♥❛♥t
❝♦✇❡✐❣❤t✿ ▲❡t ω1, . . . , ωn ❜❡ ❛♥ ❡♥✉♠❡r❛t✐♦♥ ♦❢ t❤❡ ❢✉♥❞❛♠❡♥t❛❧ ❝♦✇❡✐❣❤ts
❛♥❞ ❧❡t λ =
∑
i λiωi ∈ Xˇ+ ❜❡ ❛ ❞♦♠✐♥❛♥t ❝♦✇❡✐❣❤t✳ ❚❤❡ ❛ss♦❝✐❛t❡❞ ♦♥❡✲
s❦❡❧❡t♦♥ ❣❛❧❧❡r② δλ ✐s ❞❡✜♥❡❞ ❛s ❢♦❧❧♦✇s✿
δλ = δω1 ∗ · · · ∗ δω1︸ ︷︷ ︸
λ1 t✐♠❡s
∗ · · · ∗ δωn ∗ · · · ∗ δωn︸ ︷︷ ︸
λn t✐♠❡s
.
❉❡✜♥✐t✐♦♥ ✸✳ ❚❤❡ t②♣❡ ♦❢ ❛ ♦♥❡✲s❦❡❧❡t♦♥ ❣❛❧❧❡r② δ = (V0 ⊂ E0 ⊃ · · · ⊂
Er ⊂ Vr+1) ✐♥ A ✐s ❞❡✜♥❡❞ ❛s
t(δ) = (Sa(V0) ⊂ S
a(E0) ⊃ · · · ⊃ S
a(Vr+1)).
❲❡ s❛② ❛ ❝♦♠❜✐♥❛t♦r✐❛❧ ♦♥❡✲s❦❡❧❡t♦♥ ❣❛❧❧❡r② δ ✐♥ A ❤❛s t②♣❡ λ ❢♦r s♦♠❡
λ ∈ Xˇ+ ✐❢ t(δ) = t(δλ)✳
◆♦t❡ t❤❛t t❤❡r❡ ❡①✐st ❝♦♠❜✐♥❛t♦r✐❛❧ ♦♥❡✲s❦❡❧❡t♦♥ ❣❛❧❧❡r✐❡s s✉❝❤ t❤❛t t❤❡
t②♣❡ ✐s ♥♦t ❛ ❞♦♠✐♥❛♥t ❝♦✇❡✐❣❤t λ✳ ❋♦r ❡①❛♠♣❧❡ ❢♦r t❤❡ ❝♦♠❜✐♥❛t♦r✐❛❧ ♦♥❡✲
s❦❡❧❡t♦♥ ❣❛❧❧❡r② δ = (o ⊂ E0 ⊃
1
2ω1 ⊂ E1 ⊃ ω2) ✇✐t❤ E0 = {tω1 | t ∈
[
0, 12
]
}
❛♥❞ E1 = {
1
2ω1 + t(ω2 −
1
2ω1) | t ∈ [0, 1]} ✐♥ t❤❡ st❛♥❞❛r❞ ❛♣❛rt♠❡♥t ♦❢ t❤❡
❛✣♥❡ ❜✉✐❧❞✐♥❣ ♦❢ t②♣❡ B2 t❤❡r❡ ❞♦❡s ♥♦t ❡①✐st ❛ ❞♦♠✐♥❛♥t ❝♦✇❡✐❣❤t λ s✉❝❤
t❤❛t λ ✐s t❤❡ t②♣❡ ♦❢ δ✿
o
ω1 = ǫ1
ǫ2
ω2 =
1
2
(ǫ1 + ǫ2)
✼
■♥ ♦r❞❡r t♦ ❞❡✜♥❡ s♦♠❡ ♣r♦♣❡rt✐❡s ♦❢ ❝♦♠❜✐♥❛t♦r✐❛❧ ♦♥❡✲s❦❡❧❡t♦♥ ❣❛❧❧❡r✐❡s ✇❡
♥❡❡❞ t♦ ✐♥tr♦❞✉❝❡ ✷✲st❡♣ ♦♥❡✲s❦❡❧❡t♦♥ ❣❛❧❧❡r✐❡s✿
❉❡✜♥✐t✐♦♥ ✹✳ ❆ ✷✲st❡♣ ♦♥❡✲s❦❡❧❡t♦♥ ❣❛❧❧❡r② δ ✐♥ A ✐s ❛ ♦♥❡✲s❦❡❧❡t♦♥ ❣❛❧❧❡r②
✐♥ A ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ ❢♦r♠
δ = (V0 ⊂ E ⊃ V ⊃ F ⊂ V2).
❲❡ ♦♠✐t t❤❡ ✈❡rt✐❝❡s V0 ❛♥❞ V2 ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣✳
◆♦t❡ t❤❛t t❤❡ ✷✲st❡♣ ♦♥❡✲s❦❡❧❡t♦♥ ❣❛❧❧❡r✐❡s ❞♦ ♥♦t ♥❡❡❞ t♦ ❜❡ ❝♦♠❜✐♥❛t♦r✐❛❧
♦♥❡✲s❦❡❧❡t♦♥ ❣❛❧❧❡r✐❡s✳
❉❡✜♥✐t✐♦♥ ✺✳ ▲❡t (E ⊃ V ⊂ F ) ❜❡ ❛ ✷✲st❡♣ ♦♥❡✲s❦❡❧❡t♦♥ ❣❛❧❧❡r② ✐♥ A✳ ❲❡
❝❛❧❧ (E ⊃ V ⊂ F ) ♠✐♥✐♠❛❧ ✐❢ t❤❡r❡ ❡①✐sts ❛ s❡❝t♦r S ❛t V ✐♥ A s✉❝❤ t❤❛t
F ∈ S ❛♥❞ E ∈ −S✳
❆ ♦♥❡✲s❦❡❧❡t♦♥ ❣❛❧❧❡r② δ = (V0 ⊂ E0 ⊃ V1 ⊂ · · · ⊃ Vr+1) ✐♥ A ✐s ❝❛❧❧❡❞ ❧♦❝❛❧❧②
♠✐♥✐♠❛❧ ✐❢ t❤❡ ✷✲st❡♣ ♦♥❡✲s❦❡❧❡t♦♥ ❣❛❧❧❡r② δi = (Ei−1 ⊃ Vi ⊂ Ei) ✐s ♠✐♥✐♠❛❧
❢♦r i ∈ {1, . . . , r}✳
❲❡ ❝❛❧❧ δ ✭❣❧♦❜❛❧❧②✮ ♠✐♥✐♠❛❧ ✐❢ t❤❡r❡ ❡①✐sts ❛♥ ❡q✉✐✈❛❧❡♥❝❡ ❝❧❛ss ♦❢ s❡❝t♦rs
S¯ s✉❝❤ t❤❛t t❤❡r❡ ❡①✐sts ❛ s❡❝t♦r Si ∈ S¯ ✇✐t❤ Ei−1 ∈ Si ❛♥❞ Ei ∈ −Si ❢♦r
i ∈ {1, . . . , r}✳
❈❧❡❛r❧②✱ ❣❧♦❜❛❧ ♠✐♥✐♠❛❧✐t② ✐♠♣❧✐❡s ❧♦❝❛❧ ♠✐♥✐♠❛❧✐t②✳
❲❡ ❝❛♥ ❛ss♦❝✐❛t❡ t♦ ❛ ❣✐✈❡♥ ✷✲st❡♣ ♦♥❡✲s❦❡❧❡t♦♥ ❣❛❧❧❡r② (E ⊃ V ⊂ F ) ✐♥ A ❛
♣❛✐r ♦❢ ❢❛❝❡s (EV , FV ) ✐♥ AV ❛♥❞ ✈✐❝❡ ✈❡rs❛✳ ❲❡ ❝❛❧❧ t❤❡ ♣❛✐r (EV , FV ) ❛ ♠✐♥✐✲
♠❛❧ ♣❛✐r ✐❢ ❛♥❞ ♦♥❧② ✐❢ t❤❡ ❛ss♦❝✐❛t❡❞ ✷✲st❡♣ ♦♥❡✲s❦❡❧❡t♦♥ ❣❛❧❧❡r② (E ⊃ V ⊂ F )
✐s ♠✐♥✐♠❛❧ ✐♥ A✳
❉❡✜♥✐t✐♦♥ ✻✳ ❲❡ s❛② ✇❡ ♦❜t❛✐♥ (E ⊃ V ⊂ F ) ❜② ❛ ♣♦s✐t✐✈❡ ❢♦❧❞✐♥❣ ❢r♦♠
(E ⊃ V ⊂ F ′) ✐❢ t❤❡r❡ ❡①✐sts (α, n) ✐♥ (φ+ × Z) ✇✐t❤ s(α,n)(F
′) = F ✱
V ∈ H(α,n) ❛♥❞ H(α,n) s❡♣❛r❛t❡s C
−
V ❛♥❞ F
′ ❢r♦♠ F ✳
❆ ✷✲st❡♣ ♦♥❡✲s❦❡❧❡t♦♥ ❣❛❧❧❡r② (E ⊃ V ⊂ F ) ✐♥ A ✐s ❝❛❧❧❡❞ ♣♦s✐t✐✈❡❧② ❢♦❧❞❡❞ ✐❢
✐t ✐s ♠✐♥✐♠❛❧ ♦r ✐❢ t❤❡r❡ ❡①✐st ❢❛❝❡s F0, . . . , Fl ✐♥ A s✉❝❤ t❤❛t
• F = Fl✱
• (E ⊃ V ⊂ F0) ✐s ♠✐♥✐♠❛❧ ❛♥❞
• (E ⊃ V ⊂ Fi) ✐s ♦❜t❛✐♥❡❞ ❢r♦♠ (E ⊃ V ⊂ Fi−1) ❜② ❛ ♣♦s✐t✐✈❡ ❢♦❧❞✐♥❣
❢♦r ❡✈❡r② i ∈ {1, . . . , l}✳
❆ ♦♥❡✲s❦❡❧❡t♦♥ ❣❛❧❧❡r② δ = (V0 ⊂ E0 ⊃ · · · ⊃ Vr+1) ✐♥ A ✐s ❝❛❧❧❡❞ ❧♦❝❛❧❧②
♣♦s✐t✐✈❡❧② ❢♦❧❞❡❞ ✐❢
• (Ei−1 ⊃ Vi ⊂ Ei) ✐s ♣♦s✐t✐✈❡❧② ❢♦❧❞❡❞ ❢♦r ❡✈❡r② i ∈ {1, . . . , r}✳
❆s ❛❧r❡❛❞② ♠❡♥t✐♦♥❡❞ ✐t ❤♦❧❞s t❤❛t t❤❡ s❡t ♦❢ ❡q✉✐✈❛❧❡♥❝❡ ❝❧❛ss❡s ♦❢ s❡❝t♦rs
✐♥ A ✐s ✐♥ ❜✐❥❡❝t✐♦♥ ✇✐t❤ t❤❡ ❲❡②❧ ❣r♦✉♣ W ✳ ❈♦♥s❡q✉❡♥t❧❡② ✇❡ ❝❛♥ ❝❛rr② t❤❡
❇r✉❤❛t ♦r❞❡r ❢r♦♠ W ♦✈❡r t♦ t❤❡ ❡q✉✐✈❛❧❡♥❝❡ ❝❧❛ss❡s✿ ▲❡t S ❛♥❞ S′ ❜❡ t✇♦
❡q✉✐✈❛❧❡♥❝❡ ❝❧❛ss❡s ♦❢ s❡❝t♦rs ✐♥ A✳ ❚❤❡♥ S ≥ S′ ✐❢ ❛♥❞ ♦♥❧② ✐❢ w1 ≥ w2 ✇✐t❤
w1(C+) = S ❛♥❞ w2(C+) = S′✳
✽
❉❡✜♥✐t✐♦♥ ✼✳ ❆ ♦♥❡✲s❦❡❧❡t♦♥ ❣❛❧❧❡r② δ = (V0 ⊂ E0 ⊃ · · · ⊃ Vr+1) ✐♥ A ✐s
❝❛❧❧❡❞ ✭❣❧♦❜❛❧❧②✮ ♣♦s✐t✐✈❡❧② ❢♦❧❞❡❞ ✐❢
✭✐✮ δ ✐s ❧♦❝❛❧❧② ♣♦s✐t✐✈❡❧② ❢♦❧❞❡❞ ❛♥❞
✭✐✐✮ t❤❡r❡ ❡①✐sts ❛ s❡q✉❡♥❝❡ ♦❢ s❡❝t♦rs S0, . . . , Sr s✉❝❤ t❤❛t Si ✐s ❛ s❡❝t♦r
❛t Vi ❛♥❞ ❝♦♥t❛✐♥s Ei ❛♥❞ S0 ≥ · · · ≥ Sr ❢♦r ❡✈❡r② i ∈ {1, . . . , r}✳
■♥ ❬●▲✶❪ ●❛✉ss❡♥t ❛♥❞ ▲✐tt❡❧♠❛♥♥ s❤♦✇ ✉♥❞❡r ✇❤✐❝❤ ❝♦♥❞✐t✐♦♥s ❧♦❝❛❧❧②
♣♦s✐t✐✈❡❧② ❢♦❧❞❡❞ ✐♠♣❧✐❡s ♣♦s✐t✐✈❡❧② ❢♦❧❞❡❞ ❛♥❞ ❧♦❝❛❧ ♠✐♥✐♠❛❧✐t② ✐♠♣❧✐❡s ♠✐♥✲
✐♠❛❧✐t②✳ ■♥ t❤✐s t❤❡s✐s ✇❡ ❝♦♥❝❡♥tr❛t❡ ♦♥ t❤❡ r♦♦t s②st❡♠s ❢♦r t②♣❡ An✱ Bn
❛♥❞ Cn✳ ■♥ t❤❡s❡ ❝❛s❡s t❤❡ t❤❡♦r❡♠ ♣r♦✈✐❞❡s t❤❡ ❢♦❧❧♦✇✐♥❣✿
❚❤❡♦r❡♠ ✽✳ ▲❡t λ ❜❡ ❛ ❞♦♠✐♥❛♥t ❝♦✇❡✐❣❤t ❛♥❞ ❧❡t ω1, . . . , ωn ❜❡ t❤❡ ❇♦✉r❜❛❦✐
❡♥✉♠❡r❛t✐♦♥ ♦❢ t❤❡ ❢✉♥❞❛♠❡♥t❛❧ ❝♦✇❡✐❣❤ts✳ ▲❡t δ ❜❡ ❛ ❝♦♠❜✐♥❛t♦r✐❛❧ ♦♥❡✲
s❦❡❧❡t♦♥ ❣❛❧❧❡r② ✐♥ A ♦❢ t②♣❡ λ✳ ■❢ δ ✐s ❧♦❝❛❧❧② ♣♦s✐t✐✈❡❧② ❢♦❧❞❡❞ ✭r❡s♣✳ ❧♦❝❛❧❧②
♠✐♥✐♠❛❧✮ t❤❡♥ ✐t ✐s ♣♦s✐t✐✈❡❧② ❢♦❧❞❡❞ ✭r❡s♣✳ ♠✐♥✐♠❛❧✮✳
✷✳✹✳ ●❛❧❧❡r✐❡s ♦❢ r❡s✐❞✉❡ ❝❤❛♠❜❡rs✳ ❚❤❡ ♥❡①t ♦❜❥❡❝ts ✇❡ ♥❡❡❞ ✐♥ ♦r❞❡r t♦
❝♦♠♣✉t❡ t❤❡ ❢♦r♠✉❧❛ ❛r❡ t❤❡ ❣❛❧❧❡r✐❡s ♦❢ ✭r❡s✐❞✉❡✮ ❝❤❛♠❜❡rs ✐♥ AV ❢♦r s♦♠❡
✈❡rt❡① V ✐♥ A✳ ■♥ t❤✐s s❡❝t✐♦♥ ✇❡ ❞❡✜♥❡ ✇❤❛t ❣❛❧❧❡r✐❡s ♦❢ ❝❤❛♠❜❡rs ❛r❡ ❛♥❞
✐♥tr♦❞✉❝❡ s♦♠❡ ♦❢ t❤❡✐r ♣r♦♣❡rt✐❡s✳
▲❡t V ❜❡ ❛ ✈❡rt❡① ✐♥ A✳
❉❡✜♥✐t✐♦♥ ✾✳ ❆ ❣❛❧❧❡r② ♦❢ ❝❤❛♠❜❡rs ✐♥ AV ✐s ❛ s❡q✉❡♥❝❡ C = (C0 ⊃ H1 ⊂
C1 ⊃ · · · ⊂ Cr) ✇❤❡r❡
✭✐✮ Hi ✐s ❛ ❢❛❝❡ ♦❢ AV ❝♦♠✐♥❣ ❢r♦♠ ❛ ❝♦❞✐♠❡♥s✐♦♥ ♦♥❡ ❢❛❝❡ ✐♥ A ❢♦r
i ∈ {1, . . . , r} ❛♥❞
✭✐✐✮ Ci ✐s ❛ ❝❤❛♠❜❡r ♦❢ AV ❢♦r ❛❧❧ i ∈ {0, . . . r}✳
❚❤❡ t②♣❡ ♦❢ ❛ ❝♦❞✐♠❡♥s✐♦♥ ♦♥❡ ❢❛❝❡ ✐♥ ❛ ❣❛❧❧❡r② ♦❢ ❝❤❛♠❜❡rs ✐s ♦♥❧② ❛ ♥✉♠✲
❜❡r ✐♥ t❤❡ s❡t {1, . . . ,m}✳ ❲❡ ❞❡✜♥❡ t❤❡ t②♣❡ ♦❢ ❛ ❣❛❧❧❡r② ♦❢ ❝❤❛♠❜❡rs
C = (C0 ⊃ H1 ⊂ C1 ⊃ · · · ⊂ Cr) t♦ ❜❡ t❤❡ s❡q✉❡♥❝❡ (t(H1), . . . , t(Hr))✳ ■♥✲
st❡❛❞ ♦❢ ❞❡s❝r✐❜✐♥❣ ❛ ❣❛❧❧❡r② ♦❢ ❝❤❛♠❜❡rs ❛s s❡q✉❡♥❝❡ ♦❢ ❝❤❛♠❜❡rs ❛♥❞ ❢❛❝❡s
♦❢ ❝♦❞✐♠❡♥s✐♦♥ ♦♥❡✱ ✇❡ ✇r✐t❡ ♦♥❧② t❤❡ s❡q✉❡♥❝❡ ♦❢ ❝❤❛♠❜❡rs ❛♥❞ ❛❞❞✐t✐♦♥❛❧❧②
t❤❡ t②♣❡ ♦❢ t❤❡ ❣❛❧❧❡r② t❤r♦✉❣❤♦✉t t❤❡ t❤❡s✐s✳
❖♥❡ ❝r✉❝✐❛❧ ❞❡✜♥✐t✐♦♥ ✐s t❤❡ ❢♦❧❧♦✇✐♥❣✿
❉❡✜♥✐t✐♦♥ ✶✵✳ ▲❡t ❝ = (C0, . . . , Cr) ❜❡ ❛ ❣❛❧❧❡r② ♦❢ ❝❤❛♠❜❡rs ✐♥ AV ♦❢
t②♣❡ ✐ = (i1, . . . , ir)✳ ■❢ Cj = Cj+1 ❢♦r s♦♠❡ j ✇❡ ❝❛❧❧ t❤❡ ♣❛✐r (Cj , Cj+1)
❛ ❢♦❧❞✐♥❣ ♦❢ ❝✳ ▲❡t SV ❜❡ ❛ ❝❤❛♠❜❡r ♦❢ AV ✳ ❲❡ s❛② ❛ ❢♦❧❞✐♥❣ (Cj , Cj+1)
✐s ♣♦s✐t✐✈❡ ✭r❡s♣✳ ♥❡❣❛t✐✈❡✮ ✇✐t❤ r❡s♣❡❝t t♦ SV ✐❢ H(βij+1 ,nij+1 ) s❡♣❛r❛t❡s SV
❢r♦♠ Cj = Cj+1 ✭r❡s♣✳ s❡♣❛r❛t❡s −SV ❢r♦♠ Cj = Cj+1✮✳ ❚❤❡ ❣❛❧❧❡r② ♦❢
❝❤❛♠❜❡rs ❝ ✐s s❛✐❞ t♦ ❜❡ ♣♦s✐t✐✈❡❧② ❢♦❧❞❡❞ ✭r❡s♣✳ ♥❡❣❛t✐✈❡❧② ❢♦❧❞❡❞✮ ✇✐t❤ r❡✲
s♣❡❝t t♦ SV ✐❢ ❛❧❧ ❢♦❧❞✐♥❣s ♦❢ ❝ ❛r❡ ♣♦s✐t✐✈❡ ✭r❡s♣✳ ♥❡❣❛t✐✈❡✮ ✇✐t❤ r❡s♣❡❝t t♦ SV ✳
❊✈❡r② ♣❛✐r (Cj , Cj+1) t❤❛t ✐s ♥♦t ❛ ❢♦❧❞✐♥❣ ✐s ❝❛❧❧❡❞ ❛ ✇❛❧❧✲❝r♦ss✐♥❣ ♦❢ t②♣❡
ij+1 ♦r ❛ ✇❛❧❧✲❝r♦ss✐♥❣ ♦❢ H(βij+1 ,nij+1 )✳ ❲❡ s❛② ❛ ✇❛❧❧✲❝r♦ss✐♥❣ (Cj , Cj+1)
✾
♦❢ t②♣❡ ij+1 ✐s ♣♦s✐t✐✈❡ ✭r❡s♣✳ ♥❡❣❛t✐✈❡✮ ✇✐t❤ r❡s♣❡❝t t♦ SV ✐❢ H(βij+1 ,nij+1 )
s❡♣❛r❛t❡s SV ❛♥❞ Cj ❢r♦♠ Cj+1 ✭r❡s♣✳ s❡♣❛r❛t❡s −SV ❛♥❞ Cj ❢r♦♠ Cj+1✮✳
❆ss♦❝✐❛t❡❞ t♦ ❛ ❣❛❧❧❡r② ♦❢ ❝❤❛♠❜❡rs ✇❡ ❝❛♥ ❞❡✜♥❡ t❤❡ s♦✲❝❛❧❧❡❞±✲s❡q✉❡♥❝❡✿
❉❡✜♥✐t✐♦♥ ✶✶✳ ▲❡t ❝ = (C0, . . . , Cr) ❜❡ ❛ ❣❛❧❧❡r② ♦❢ ❝❤❛♠❜❡rs ✐♥ AV ♦❢
t②♣❡ ✐ = (i1, . . . , ir) ❛♥❞ SV ❜❡ ❛ ❝❤❛♠❜❡r✳ ❲❡ ❝❛❧❧ t❤❡ s❡q✉❡♥❝❡ pm(❝) =
(c1, . . . , cr) ✇✐t❤
ci =

+, ✐❢ (Ci−1, Ci) ✐s ❛ ♣♦s✐t✐✈❡ ✇❛❧❧✲❝r♦ss✐♥❣ ♦r ♣♦s✐t✐✈❡ ❢♦❧❞✐♥❣
✇✐t❤ r❡s♣❡❝t t♦ SV ✱
−, ❡❧s❡
t❤❡ ±✲s❡q✉❡♥❝❡ ♦❢ ❝ ✇✐t❤ r❡s♣❡❝t t♦ SV ✳
✸✳ ●❛✉ss❡♥t✲▲✐tt❡❧♠❛♥♥ ❢♦r♠✉❧❛
■♥ t❤✐s s❡❝t✐♦♥ ✇❡ ✐♥tr♦❞✉❝❡ ❛ ❢❡✇ ♠♦r❡ ❞❡✜♥✐t✐♦♥s ❛♥❞ t❤❡♥ ✜♥❛❧❧② st❛t❡
t❤❡ ●❛✉ss❡♥t✲▲✐tt❡❧♠❛♥♥ ❢♦r♠✉❧❛ ❢♦r ❍❛❧❧✲▲✐tt❧❡✇♦♦❞ ♣♦❧②♥♦♠✐❛❧s ♦❢ ❛r❜✐✲
tr❛r② t②♣❡ ❛s ✐♥ ❬●▲✶❪✳
▲❡t λ ❛♥❞ µ ❜❡ ❞♦♠✐♥❛♥t ❝♦✇❡✐❣❤ts ❛♥❞ ✜① ❛♥ ❡♥✉♠❡r❛t✐♦♥ ω1, . . . , ωn ♦❢ t❤❡
❢✉♥❞❛♠❡♥t❛❧ ✇❡✐❣❤ts✳ ❲❡ ❞❡✜♥❡ Γ+(δλ, µ) t♦ ❜❡ t❤❡ s❡t ♦❢ ❛❧❧ ♣♦s✐t✐✈❡❧② ❢♦❧❞❡❞
❝♦♠❜✐♥❛t♦r✐❛❧ ♦♥❡✲s❦❡❧❡t♦♥ ❣❛❧❧❡r✐❡s δ = (o = V0 ⊂ E0 ⊃ · · · ⊃ Vr+1) ✐♥ A
✇✐t❤ Vr+1 = µ ❛♥❞ t(δ) = t(δλ)✳ ◆♦✇ ❧❡t δ = (o = V0 ⊂ E0 ⊃ · · · ⊃ Vr+1) ❜❡
✐♥ Γ+(δλ, µ)✳ ❋♦r ❡✈❡r② j ∈ {1, . . . , r} ✇❡ ❞❡✜♥❡ t❤❡ ❢♦❧❧♦✇✐♥❣✿
• Dj ✐s t❤❡ ❝❤❛♠❜❡r ✐♥ t❤❡ st❛♥❞❛r❞ ❛♣❛rt♠❡♥t ♦❢ t❤❡ r❡s✐❞✉❡ ❜✉✐❧❞✐♥❣
❛t Vj ❝❧♦s❡st t♦ C
−
Vj
❝♦♥t❛✐♥✐♥❣ (Ej)Vj ✱
• Sj ✐s ❛ s❡❝t♦r ❛t Vj ❝♦♥t❛✐♥✐♥❣ Ej−1 ❛♥❞ −S
j ❝♦♥t❛✐♥s ❛ ❢❛❝❡ F t❤❛t
❤❛s t❤❡ s❛♠❡ t②♣❡ ❛s Ej ✱
• sij1 · · · sijrj
✐s ❛ r❡❞✉❝❡❞ ❡①♣r❡ss✐♦♥ ❢♦r w ∈ W aVj ✇✐t❤ w(C
−
Vj
) = Dj ✱
❞❡✜♥❡ ✐j = (ij1, . . . , ijrj )✳
❲❡ ❞❡♥♦t❡ ❜② Γ+
Sj
Vj
(✐j , op) t❤❡ s❡t ♦❢ ❛❧❧ ❣❛❧❧❡r✐❡s ♦❢ ❝❤❛♠❜❡rs ❝ = (C
−
Vj
,
C1, . . . , Crj ) ✐♥ AVj ✇✐t❤ t②♣❡ ✐j t❤❛t ❛r❡ ♣♦s✐t✐✈❡❧② ❢♦❧❞❡❞ ✇✐t❤ r❡s♣❡❝t t♦
SjVj ❛♥❞ ❤❛✈❡ t❤❡ ♣r♦♣❡rt② t❤❛t t❤❡ ❢❛❝❡ F
′
Vj
t❤❛t ✐s ❝♦♥t❛✐♥❡❞ ✐♥ Crj ❛♥❞
❤❛s t❤❡ s❛♠❡ t②♣❡ ❛s (Ej)Vj ❢♦r♠s ❛ ♠✐♥✐♠❛❧ ♣❛✐r ✇✐t❤ (Ej−1)Vj ✐♥ AVj ✳ ▲❡t
wD0 ❜❡ t❤❡ ❡❧❡♠❡♥t ♦❢ W t❤❛t s❡♥❞s C
−
V0
t♦ D0✳
■♥ t❤❡ ●❛✉ss❡♥t✲▲✐tt❡❧♠❛♥♥ ❢♦r♠✉❧❛ ✇❡ ♥❡❡❞ t✇♦ st❛t✐st✐❝s ❢♦r ❛ ❣✐✈❡♥ ❣❛❧❧❡r②
♦❢ ❝❤❛♠❜❡rs ❝ = (C0 = C
−
V , C1, . . . , Crj ) ✐♥ Γ
+
Sj
Vj
(✐j , op)✿
r(❝) ✐s t❤❡ ♥✉♠❜❡r ♦❢ ♣♦s✐t✐✈❡ ❢♦❧❞✐♥❣s ♦❢ ❝ ❛♥❞
t(❝) ✐s t❤❡ ♥✉♠❜❡r ♦❢ ♣♦s✐t✐✈❡ ✇❛❧❧✲❝r♦ss✐♥❣s ♦❢ ❝.
◆♦✇ ✇❡ ❝❛♥ ✜♥❛❧❧② st❛t❡ t❤❡ ●❛✉ss❡♥t✲▲✐tt❡❧♠❛♥♥ ❢♦r♠✉❧❛ ❢♦r t❤❡ ▲❛✉r❡♥t
♣♦❧②♥♦♠✐❛❧ Lλ,µ(q)✿
✶✵
❚❤❡♦r❡♠ ✶✷✳
Lλ,µ(q) =
∑
δ∈Γ+(δλ,µ)
ql(wD0 )(
r∏
j=1
∑
❝∈Γ+
S
j
Vj
(✐j ,op)
qt(❝)(q − 1)r(❝)).
❖♥❡ s✐❣♥✐✜❝❛♥t ♣r♦♣❡rt② ♦❢ t❤✐s ❢♦r♠✉❧❛ ✐s t❤❛t t❤❡ s✉♠♠❛♥❞ ♦❢ t❤❡ ✜rst
s✉♠ ❢♦r δ = (o = V0 ⊂ E0 ⊃ · · · ⊃ Vr+1) ❝❛♥ ❜❡ ✐♥t❡r♣r❡t❡❞ ❛s t❤❡ ♣r♦❞✉❝t
♦✈❡r ❛❧❧ ❡❞❣❡s Ej ❢♦r j ∈ {0, . . . , r} ❛s ❢♦❧❧♦✇s✿
❉❡✜♥❡
c(E0) = q
l(wD0 ) ❛♥❞
c((Ej−1 ⊃ Vj ⊂ Ej)) =
∑
❝∈Γ+
S
j
Vj
(✐j ,op)
qt(❝)(q − 1)r(❝) ❢♦r j ∈ {1, . . . , r}.
❲❡ ♦❜t❛✐♥
❈♦r♦❧❧❛r② ✶✸✳
Lλ,µ(q) =
∑
δ∈Γ+(δλ,µ)
c(E0)
r∏
j=1
c((Ej−1 ⊃ Vj ⊂ Ej)).
❉❡✜♥❡
c(δ) = c(E0)
r∏
j=1
c((Ej−1 ⊃ Vj ⊂ Ej)).
❲❡ ✇❛♥t t♦ ♣♦✐♥t ♦✉t t❤❛t t❤❡ ❝♦♥tr✐❜✉t✐♦♥ c(E0) ♦❢ E0 ♦♥❧② ❞❡♣❡♥❞s ♦♥
t❤❡ ❡❞❣❡ E0 ✐ts❡❧❢ ❛♥❞ t❤❛t t❤❡ ❝♦♥tr✐❜✉t✐♦♥ c((Ej−1 ⊃ Vj ⊂ Ej)) ♦❢ Ej ❢♦r
j ∈ {1, . . . , r} ♦♥❧② ❞❡♣❡♥❞s ♦♥ t❤❡ ✷✲st❡♣ ❣❛❧❧❡r② (Ej−1 ⊃ Vj ⊂ Ej)✳
✹✳ ❈♦♠❜✐♥❛t♦r✐❛❧ ●❛✉ss❡♥t✲▲✐tt❡❧♠❛♥♥ ❢♦r♠✉❧❛
■♥ t❤✐s s❡❝t✐♦♥ ✇❡ st❛t❡ ❛ r❡❝✉rr❡♥❝❡ ❢♦r t❤❡ s❡t ♦❢ ❣❛❧❧❡r✐❡s ♦❢ ❝❤❛♠❜❡rs
Γ+
Sj
Vj
(✐j , op) t❤❛t ✐s ✉s❡❞ ✐♥ t❤❡ ●❛✉ss❡♥t✲▲✐tt❡❧♠❛♥♥ ❢♦r♠✉❧❛ ✐♥ ♦r❞❡r t♦ ❝♦♠✲
♣✉t❡ Lλ,µ✳ ❚❤✐s r❡❝✉rr❡♥❝❡ ❤♦❧❞s ❢♦r ❛r❜✐tr❛r② t②♣❡✳ ❋✉rt❤❡r♠♦r❡✱ ✇❡ ✐♥tr♦✲
❞✉❝❡ ❨♦✉♥❣ t❛❜❧❡❛✉① ♦❢ t②♣❡ An✱Bn ❛♥❞ Cn t❤❛t ❝❛♥ ❜❡ ✐❞❡♥t✐✜❡❞ ✇✐t❤ ♦♥❡✲
s❦❡❧❡t♦♥ ❣❛❧❧❡r✐❡s ✐♥ t❤❡ ❛ss♦❝✐❛t❡❞ st❛♥❞❛r❞ ❛♣❛rt♠❡♥t ♦❢ t❤❡ ❛✣♥❡ ❜✉✐❧❞✐♥❣✳
❯s✐♥❣ t❤❡ ❧❛♥❣✉❛❣❡ ♦❢ ❨♦✉♥❣ t❛❜❧❡❛✉① ❛♥❞ t❤❡ r❡❝✉rr❡♥❝❡ ❧❡❛❞s t♦ ❛ ❝♦♠✲
❜✐♥❛t♦r✐❛❧ ✈❡rs✐♦♥ ♦❢ t❤❡ ●❛✉ss❡♥t✲▲✐tt❡❧♠❛♥♥ ❢♦r♠✉❧❛ ❢♦r t②♣❡ An✱ Bn ❛♥❞
Cn ✐♥ t❡r♠s ♦❢ ❨♦✉♥❣ t❛❜❧❡❛✉①✳
✹✳✶✳ ❘❡❝✉rr❡♥❝❡✳ ▲❡t λ ❛♥❞ µ ❜❡ ❞♦♠✐♥❛♥t ❝♦✇❡✐❣❤ts ❛♥❞ ✜① ❛♥ ❡♥✉♠❡r❛✲
t✐♦♥ ω1, . . . , ωn ♦❢ t❤❡ ❢✉♥❞❛♠❡♥t❛❧ ✇❡✐❣❤ts✳ ▲❡t δ = (o = V0 ⊂ E0 ⊃ · · · ⊃
Vr+1) ❜❡ ❛ ♣♦s✐t✐✈❡❧② ❢♦❧❞❡❞ ❝♦♠❜✐♥❛t♦r✐❛❧ ♦♥❡✲s❦❡❧❡t♦♥ ❣❛❧❧❡r② ✐♥ Γ
+(δλ, µ)✳
■♥ t❤✐s s❡❝t✐♦♥ ✇❡ ✇❛♥t t♦ t❛❦❡ ❛ ❝❧♦s❡r ❧♦♦❦ ❛t t❤❡ s❡t Γ+
Sj
Vj
(✐j , op) ❢♦r
j ∈ {1, . . . , r}✳ ❚♦ ❝❛❧❝✉❧❛t❡ Γ+
sj
Vj
(✐j , op) ✇❡ ♦♥❧② ♥❡❡❞ t❤❡ ✷✲st❡♣ ♦♥❡✲s❦❡❧❡t♦♥
❣❛❧❧❡r② (Ej−1 ⊃ Vj ⊂ Ej)✳ ❚❤✐s ❣❛❧❧❡r② ♦♥ ✐ts ♦✇♥ ✐s ❛❣❛✐♥ ♣♦s✐t✐✈❡❧② ❢♦❧❞❡❞✳
✶✶
❋♦r t❤✐s r❡❛s♦♥ ✇❡ ✇♦r❦ ✐♥ t❤✐s s❡❝t✐♦♥ ♦♥❧② ✇✐t❤ ♣♦s✐t✐✈❡❧② ❢♦❧❞❡❞ ✷✲st❡♣
♦♥❡✲s❦❡❧❡t♦♥ ❣❛❧❧❡r✐❡s✳ ▲❡t (E ⊃ V ⊂ F ) ❜❡ ❛ ✷✲st❡♣ ♦♥❡✲s❦❡❧❡t♦♥ ❣❛❧❧❡r②
✐♥ A✳ ❚❤r♦✉❣❤♦✉t t❤❡ ❢♦❧❧♦✇✐♥❣ ✇❡ ✐❞❡♥t✐❢② ✭E ⊃ V ⊂ F ✮ ✐♥ A ✇✐t❤ t❤❡
❛ss♦❝✐❛t❡❞ ❣❛❧❧❡r② ✐♥ AV ✳ ❋✐rst ♦❢ ❛❧❧ ✇❡ ♥❡❡❞ t♦ ✜① s♦♠❡ ♠♦r❡ ❞❡✜♥✐t✐♦♥s✿
▲❡t k2 ❜❡ t❤❡ t②♣❡ ♦❢ t❤❡ ❢❛❝❡ F ✐♥ AV ✳ ❋✉rt❤❡r ❧❡t Ff ❜❡ t❤❡ ❢❛❝❡ ✐♥
C−V ✇✐t❤ t②♣❡ k2✳ ❚❤❡♥ wF ∈W
a
V ❞❡♥♦t❡s t❤❡ ♠✐♥✐♠❛❧ ❲❡②❧ ❣r♦✉♣ ❡❧❡♠❡♥t
t❤❛t s❡♥❞s Ff t♦ F ✳ ❚❤❡ ❧❡♥❣t❤ ♦❢ ❛ ❢❛❝❡ F ✐s ❞❡✜♥❡❞ ❜②
l(F ) := l(wF ).
❚❤✐s ✐s ❡q✉✐✈❛❧❡♥t t♦ s❛②✐♥❣ t❤❛t l(F ) ✐s t❤❡ ❧❡♥❣t❤ ♦❢ t❤❡ ♠✐♥✐♠❛❧ ❲❡②❧
❣r♦✉♣ ❡❧❡♠❡♥t t❤❛t s❡♥❞s C−V t♦ ❛ ❝❤❛♠❜❡r t❤❛t ❝♦♥t❛✐♥s F ✳
▲❡t D ❜❡ t❤❡ ❝❤❛♠❜❡r ✐♥ AV t❤❛t ❝♦♥t❛✐♥s F ❛♥❞ ✐s ❝❧♦s❡st t♦ C
−
V ✳ ❋✉rt❤❡r
❧❡t si1 · · · sil ❜❡ ❛ r❡❞✉❝❡❞ ❡①♣r❡ss✐♦♥ ♦❢ t❤❡ ❲❡②❧ ❣r♦✉♣ ❡❧❡♠❡♥t wF ✐♥ W
a
V ✳
❚❤❡♥ si1 · · · sil s❡♥❞s C
−
V t♦ D✳ ❉❡✜♥❡ ✐ = (i1, . . . , il)✳ ▲❡t SV ❜❡ ❛ ❝❤❛♠❜❡r
✐♥ AV t❤❛t ❝♦♥t❛✐♥s E✳ ◆♦✇ ❞❡✜♥❡ Γ
+
SV
(✐, op) = Γ+SV ((E ⊃ V ⊂ F ), ✐) t♦
❜❡ t❤❡ s❡t ♦❢ ❛❧❧ ❣❛❧❧❡r✐❡s ♦❢ ❝❤❛♠❜❡rs ❝ = (C−V , C1 . . . , Cl) ✇✐t❤ t②♣❡ ✐ t❤❛t
❛r❡ ♣♦s✐t✐✈❡❧② ❢♦❧❞❡❞ ✇✐t❤ r❡s♣❡❝t t♦ SV ❛♥❞ ✇✐t❤ t❤❡ ♣r♦♣❡rt② t❤❛t t❤❡ ❢❛❝❡
t❤❛t ✐s ❝♦♥t❛✐♥❡❞ ✐♥ Cl ❛♥❞ ❤❛s t❤❡ s❛♠❡ t②♣❡ ❛s F ❢♦r♠s ❛ ♠✐♥✐♠❛❧ ♣❛✐r
✇✐t❤ E ✐♥ AV ✳ ❉❡✜♥❡ Γ
+
SV
((E ⊃ V ⊂ F )) t♦ ❜❡ t❤❡ ❞✐s❥♦✐♥t ✉♥✐♦♥ ♦❢ ❛❧❧
Γ+SV ((E ⊃ V ⊂ F ), ❥ = (j1, . . . , jl)) ✇❤❡r❡ sj1 . . . sjl ✐s ❛ r❡❞✉❝❡❞ ❡①♣r❡ss✐♦♥
♦❢ wF ✐♥ W
a
V ✳
▲❡t k1 ❜❡ t❤❡ t②♣❡ ♦❢ E ❛♥❞ k2 t❤❡ t②♣❡ ♦❢ F ✐♥ AV ✱ t❤❡♥ ❦ = (k1, k2)
❞❡♥♦t❡s t❤❡ t②♣❡ ♦❢ t❤❡ ✷✲st❡♣ ♦♥❡✲s❦❡❧❡t♦♥ ❣❛❧❧❡r② (E ⊃ V ⊂ F )✳ ❉❡✜♥❡ t❤❡
❢♦❧❧♦✇✐♥❣ s❡ts✿
Γ+(❦) = {(E′ ⊃ V ⊂ F ′) | ♣♦s✐t✐✈❡❧② ❢♦❧❞❡❞ ✇✐t❤ t②♣❡ ❦},
Γ+a (❦) =
⋃
(E′⊃V⊂F ′)∈Γ+(❦)
S′
V
❛ ❝❤❛♠❜❡r ✐♥ AV t❤❛t ❝♦♥t❛✐♥s E′
Γ+
S′
V
((E′ ⊃ V ⊂ F ′)).
❋✉rt❤❡r ✇❡ ❝❛♥ ✇r✐t❡ Γ+SV ((E ⊃ V ⊂ F )) ❛s t❤❡ ❞✐s❥♦✐♥t ✉♥✐♦♥ ♦❢ t❤❡ s❡t ♦❢
❣❛❧❧❡r✐❡s ❝ ∈ Γ+SV ((E ⊃ V ⊂ F )) ✇✐t❤ ❛ ❢♦❧❞✐♥❣ ✐♥ t❤❡ ✜rst ♣♦s✐t✐♦♥✱ ❝❛❧❧ t❤✐s
s❡t ΓfSV ((E ⊃ V ⊂ F ))✱ ✇✐t❤ t❤❡ s❡t ♦❢ ❣❛❧❧❡r✐❡s ❝ ✐♥ Γ
+
SV
((E ⊃ V ⊂ F ))
✇✐t❤ ❛ ❝r♦ss✐♥❣ ✐♥ t❤❡ ✜rst ♣♦s✐t✐♦♥✱ ❝❛❧❧ t❤✐s s❡t ΓcSV ((E ⊃ V ⊂ F ))✿
Γ+SV ((E ⊃ V ⊂ F )) = Γ
f
SV
((E ⊃ V ⊂ F )) ∪ ΓcSV ((E ⊃ V ⊂ F )).
❲❡ ❛r❡ ❣♦✐♥❣ t♦ st❛t❡ ❛ r❡❝✉rr❡♥❝❡ ❢♦r t❤❡ s❡t Γ+a (❦)✳ ❋♦r t❤✐s ♣✉r♣♦s❡
✇❡ ♥❡❡❞ t♦ ❞❡✜♥❡ t✇♦ ❞✐✛❡r❡♥t ✇❛②s t♦ ❝♦♥str✉❝t ❛ ❣❛❧❧❡r② ♦❢ ❝❤❛♠❜❡rs ✐♥
✶✷
Γ+a (❦) ♦✉t ♦❢ ❛ ❣✐✈❡♥ ♦♥❡✳ ▲❡t ✉s ❜❡❣✐♥ ✇✐t❤ t❤❡ ✜rst ❝♦♥str✉❝t✐♦♥✿
❲❡ ✇❛♥t t♦ st❛rt ✇✐t❤ ❛ ❣❛❧❧❡r② ♦❢ ❝❤❛♠❜❡rs ✐♥ Γ+SV ((E ⊃ V ⊂ F )) ❛♥❞
❡♥❞ ✉♣ ✇✐t❤ ♦♥❡ ✐♥ Γ+sj(SV )((sj(E) ⊃ V ⊂ sj(F ))) ✇❤❡r❡ l(sj(F )) = l(F )+1✳
❘❡♠❛r❦ ✶✹✳ ❋♦r F /∈ C+V t❤❡r❡ ❛❧✇❛②s ❡①✐sts s✉❝❤ ❛ r❡✢❡❝t✐♦♥✳
▲❡t ❝ = (C−V , C1, . . . , Cr) ∈ Γ
+
SV
((E ⊃ V ⊂ F ), ✐) ❜❡ ❛ ❣❛❧❧❡r② ♦❢ ❝❤❛♠❜❡rs✳
▲❡t sj ❜❡ ❛ s✐♠♣❧❡ r❡✢❡❝t✐♦♥ ✐♥ W
a
V ✇✐t❤
l(sj(F )) = l(F ) + 1.
❉❡✜♥❡
❝1 = (C
−
V , sj(C
−
V ), sj(C1), . . . , sj(Cl))
✇✐t❤ t②♣❡ (j, ✐)✳
❚❤❡♦r❡♠ ✶✺✳ ❚❤❡♥
❝1 ∈ Γ
c
sj(SV )
(sj(E) ⊃ V ⊂ sj(F ), (j, ✐))
❤♦❧❞s ❛♥❞ ✇❡ ❣❡t t❤❡ ❢♦❧❧♦✇✐♥❣ ♠❛♣✿
f j1 : Γ
+
SV
((E ⊃ V ⊂ F ), ✐) −→ Γcsj(SV )((sj(E) ⊃ V ⊂ sj(F )), (j, ✐))
❝ = (C−V , C1, . . . , Cl) 7−→ ❝1 = (C
−
V , sj(C
−
V ), sj(C1), . . . , sj(Cl)).
▼♦r❡♦✈❡r t❤❡ ♦♥❡✲s❦❡❧❡t♦♥ ❣❛❧❧❡r② (sj(E) ⊃ V ⊂ sj(F )) ✐s ♣♦s✐t✐✈❡❧② ❢♦❧❞❡❞✳
Pr♦♦❢✳ ■♥ ♦r❞❡r t♦ ♣r♦✈❡ t❤❡ st❛t❡♠❡♥t ✇❡ ♥❡❡❞ t♦ ❝❤❡❝❦ t❤r❡❡ ♣r♦♣❡rt✐❡s ♦❢
t❤❡ ♥❡✇ ❣❛❧❧❡r② ❝1✿
✭✐✮ t②♣❡ ♦❢ ❝1 ❤❛s t♦ ❜❡ ❝♦rr❡❝t✱
✭✐✐✮ ❛❧❧ ❢♦❧❞✐♥❣s ✐♥ ❝1 ❛r❡ ♣♦s✐t✐✈❡ ✇✐t❤ r❡s♣❡❝t t♦ sj(SV )✱
✭✐✐✐✮ t❤❡ ❢❛❝❡ t❤❛t ✐s ❝♦♥t❛✐♥❡❞ ✐♥ sj(Cl) ❛♥❞ ❤❛s t❤❡ s❛♠❡ t②♣❡ ❛s sj(F )
❢♦r♠s ❛ ♠✐♥✐♠❛❧ ♣❛✐r ✇✐t❤ sj(E)✳
❋♦r ✭✐✮✿ ❚❤❡ ❡❧❡♠❡♥t sjwF s❡♥❞s C
−
V t♦ t❤❡ ❝❤❛♠❜❡r t❤❛t ❝♦♥t❛✐♥s sj(F ) ❛♥❞
✐s ❝❧♦s❡st t♦ C−V ❜❡❝❛✉s❡ l(sjwF ) = l(wF )+ 1✳ ❋✉rt❤❡r si1 · · · sil ✐s ❛ r❡❞✉❝❡❞
❡①♣r❡ss✐♦♥ ♦❢ wF ✳ ■t ❢♦❧❧♦✇s✿
sjsi1 · · · sil
✐s ❛ r❡❞✉❝❡❞ ❡①♣r❡ss✐♦♥ ♦❢ sjwF ✳
❋♦r ✭✐✐✮✿ ❙✐♥❝❡ ❛❧❧ ❢♦❧❞✐♥❣s ✐♥ ❝ ❛r❡ ♣♦s✐t✐✈❡ ✇✐t❤ r❡s♣❡❝t t♦ SV ❛❧❧ ❢♦❧❞✐♥❣s ✐♥
❝1 ❛r❡ ♣♦s✐t✐✈❡ ✇✐t❤ r❡s♣❡❝t t♦ sj(SV )✳
❋♦r ✭✐✐✐✮✿ ❆s ❝ ∈ Γ+((E ⊃ V ⊂ F ), ✐) t❤❡ ❢♦❧❧♦✇✐♥❣ ❤♦❧❞s✿ ❚❤❡ ❢❛❝❡ F ′ t❤❛t
✐s ❝♦♥t❛✐♥❡❞ ✐♥ Cl ❛♥❞ ❤❛s t❤❡ s❛♠❡ t②♣❡ ❛s F ❢♦r♠s ❛ ♠✐♥✐♠❛❧ ♣❛✐r ✇✐t❤
E ✐♥ AV ✳ ❙✉❜s❡q✉❡♥t❧②✱ sj(E) ❛♥❞ sj(F
′) ❢♦r♠ ❛ ♠✐♥✐♠❛❧ ♣❛✐r ❛♥❞ s✐♥❝❡
sj(F
′) ∈ sj(Cl) ✇❡ ❣❡t t❤❡ ❞❡s✐r❡❞ ♣r♦♣❡rt②✳
❋r♦♠ ❚❤❡♦r❡♠ ✻✳✺ ✐♥ ❬●▲✶❪ ✐t ✐s ❝❧❡❛r t❤❛t ✭sj(E) ⊃ V ⊂ sj(F )✮ ✐s ♣♦s✐t✐✈❡❧②
❢♦❧❞❡❞✳ 
❘❡♠❛r❦ ✶✻✳ ■♥❢♦r♠❛❧❧② s♣❡❛❦✐♥❣ ✇❡ r❡✢❡❝t t❤❡ ❣❛❧❧❡r② ❛♥❞ ❡①t❡♥❞ ✐t ✐♥ s✉❝❤
❛ ✇❛② t❤❛t t❤❡ ♥❡✇ ❣❛❧❧❡r② st❛rts ❛❣❛✐♥ ✐♥ C−V ✳
✶✸
❲❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❧❡♠♠❛✳
▲❡♠♠❛ ✶✼✳ ▲❡t ♣♠✭❝✮ ❜❡ t❤❡ ±✲s❡q✉❡♥❝❡ ♦❢ ❝ ✇✐t❤ r❡s♣❡❝t t♦ SV ✳ ❚❤❡♥
♣♠(❝1) = (a, ♣♠(❝)) ✱ ✇❤❡r❡
a =
{
+ , l(sjwSV ) = l(wSV )− 1
− , ❡❧s❡
,
✇❤❡r❡ wSV ∈ W
a
V ✐s t❤❡ ❡❧❡♠❡♥t t❤❛t s❡♥❞s C
−
V t♦ SV ✐s t❤❡ ±✲s❡q✉❡♥❝❡ ♦❢
c1 ✇✐t❤ r❡s♣❡❝t t♦ sj(SV )✳
Pr♦♦❢✳ ❚❤❛t t❤❡ t✇♦ ±✲s❡q✉❡♥❝❡s ❝♦✐♥❝✐❞❡ ❡①❝❡♣t ❢♦r t❤❡ ✜rst ❝r♦ss✐♥❣ ✐s
❝❧❡❛r✳ ■t r❡♠❛✐♥s t♦ ❝❛❧❝✉❧❛t❡ t❤❡ s✐❣♥ ♦❢ t❤❡ ✜rst ❝r♦ss✐♥❣✿
❈♦♥s✐❞❡r (sj(E) ⊃ V ⊂ sj(F ))✳ ❚❤❡ ❡❧❡♠❡♥t sjwSV s❡♥❞s C
−
V t♦ sj(SV )✳
❋♦r t❤❡ ✜rst ❝r♦ss✐♥❣ ✇❡ ❣❡t
+ ✱ ✐❢ l(sjsjwsV ) = l(sjwsV ) + 1,
− ✱ ✐❢ l(sjsjwsV ) = l(sjwsV )− 1.
❆♥❞ t❤✐s ✐s ❡q✉✐✈❛❧❡♥t t♦ s❛②✐♥❣
− ✱ ✐❢ l(sjwsV ) = l(wsV ) + 1,
+ ✱ ✐❢ l(sjwsV ) = l(wsV )− 1.

❊①❛♠♣❧❡
▲❡t (E ⊃ V ⊂ F ) ❜❡ ❛ ✷✲st❡♣ ♦♥❡✲s❦❡❧❡t♦♥ ❣❛❧❧❡r② ✐♥ t❤❡ st❛♥❞❛r❞ ❛♣❛rt♠❡♥t
♦❢ t❤❡ r❡s✐❞✉❡ ❜✉✐❧❞✐♥❣ ♦❢ t②♣❡ A2 ✇✐t❤ E = F = {V + t(ǫ1+ǫ3) | t ∈ [0,∞]}✿
VV + ǫ2
V + ǫ1
V + ǫ3
F
E
C−
V
SV
❚❤❡ ❞♦tt❡❞ ❧✐♥❡ ✐♥ t❤❡ ♣✐❝t✉r❡ ✐❧❧✉str❛t❡s t❤❡ ♦♥❧② ❣❛❧❧❡r② ♦❢ ❝❤❛♠❜❡rs ❝ ✐♥
t❤❡ s❡t Γ+SV ((E ⊃ V ⊂ F ), (1))✳ ❋♦r t❤❡ s✐♠♣❧❡ r❡✢❡❝t✐♦♥ s2 ∈ W
a
V ✇❤✐❝❤ ✐s
t❤❡ r❡✢❡❝t✐♦♥ ❛t t❤❡ ❤②♣❡r♣❧❛♥❡ ❝♦♥t❛✐♥✐♥❣ V + ǫ1 ✐t ❤♦❧❞s t❤❛t l(s2(F )) =
l(F ) + 1✳ ❈♦♥s❡q✉❡♥t❧②✱ ✇❡ ❝❛♥ ❛♣♣❧② f21 t♦ Γ
+
SV
((E ⊃ V ⊂ F ), (1))✿
✶✹
VV + ǫ2
V + ǫ1
V + ǫ3
s2(F )s2(E)
C−
V
s2(SV )
❚❤❡ ❞♦tt❡❞ ❧✐♥❡ ✐♥ t❤❡ ♣✐❝t✉r❡ ✐❧❧✉str❛t❡s t❤❡ ♥❡✇ ❣❛❧❧❡r② ♦❢ ❝❤❛♠❜❡rs ❝1✳
▲❡t ✉s ♥♦✇ ❣❡t t♦ t❤❡ s❡❝♦♥❞ ❝♦♥str✉❝t✐♦♥✳ ■♥ t❤✐s ❝♦♥str✉❝t✐♦♥ ✇❡ st❛rt
✇✐t❤ ❛ ❣❛❧❧❡r② ♦❢ ❝❤❛♠❜❡rs ✐♥ Γ+SV ((E ⊃ V ⊂ F )) ❛♥❞ ❡♥❞ ✉♣ ✇✐t❤ ❛ ❣❛❧❧❡r②
♦❢ ❝❤❛♠❜❡rs ✐♥ Γ+SV ((E ⊃ V ⊂ sj(F ))) ✇❤❡r❡ l(sj(F )) = l(F )+ 1✳ ▲❡t ❛❣❛✐♥
❝ = (C−V , C1, . . . , Cr) ∈ Γ
+
SV
((E ⊃ V ⊂ F ), ✐) ❜❡ ❛ ❣❛❧❧❡r② ♦❢ ❝❤❛♠❜❡rs✳
▲❡t sj ❜❡ ❛ s✐♠♣❧❡ r❡✢❡❝t✐♦♥ ✐♥ W
a
V ✇✐t❤ l(sj(F )) = l(F )+1 ❛♥❞ l(sjwSV ) =
l(wSV )− 1.
❉❡✜♥❡
❝2 = (C
−
V , C
−
V , C1, . . . , Cl)
✇✐t❤ t②♣❡ (j, ✐).
❚❤❡♦r❡♠ ✶✽✳ ❚❤❡♥
❝2 ∈ Γ
f
SV
((E ⊃ V ⊂ sj(F )), (j, ✐))
❤♦❧❞s ❛♥❞ ✇❡ ❣❡t t❤❡ ❢♦❧❧♦✇✐♥❣ ♠❛♣✿
f j2 : Γ
+
SV
((E ⊃ V ⊂ F ), ✐) −→ ΓfSV ((E ⊃ V ⊂ sj(F )), (j, ✐))
❝ = (C−V , C1, . . . , Cl) 7−→ ❝2 = (C
−
V , C
−
V , C1, . . . , Cl).
▼♦r❡♦✈❡r t❤❡ ♦♥❡✲s❦❡❧❡t♦♥ ❣❛❧❧❡r② (E ⊃ V ⊂ sj(F )) ✐s ♣♦s✐t✐✈❡❧② ❢♦❧❞❡❞✳
Pr♦♦❢✳ ▲✐❦❡ ✐♥ t❤❡ ✜rst ❝♦♥str✉❝t✐♦♥ ✇❡ ♥❡❡❞ t♦ ❝❤❡❝❦ t❤r❡❡ ♣r♦♣❡rt✐❡s ♦❢ t❤❡
♥❡✇ ❣❛❧❧❡r② ❝2✿
✭✐✮ t②♣❡ ♦❢ ❝2 ❤❛s t♦ ❜❡ ❝♦rr❡❝t✱
✭✐✐✮ ❛❧❧ ❢♦❧❞✐♥❣s ❤❛✈❡ t♦ ❜❡ ♣♦s✐t✐✈❡ ✇✐t❤ r❡s♣❡❝t t♦ SV ✱
✭✐✐✐✮ t❤❡ ❢❛❝❡ t❤❛t ✐s ❝♦♥t❛✐♥❡❞ ✐♥ Cl ✇✐t❤ t❤❡ s❛♠❡ t②♣❡ ❛s sj(F ) ❢♦r♠s ❛
♠✐♥✐♠❛❧ ♣❛✐r ✇✐t❤ E✳
❋♦r ✭✐✮✿ s❡❡ t❤❡ ♣r♦♦❢ ♦❢ t❤❡ ❧❛st ❝♦♥str✉❝t✐♦♥✳
❋♦r ✭✐✐✮✿ ♥❡✐t❤❡r E ♥♦r t❤❡ ✇❛❧❧s ♦♥ ✇❤✐❝❤ t❤❡ ❢♦❧❞✐♥❣s ❛r❡ ❛r❡ ❝❤❛♥❣❡❞✱ ✐t
r❡♠❛✐♥s t♦ s❤♦✇ t❤❛t t❤❡ ♥❡✇ ❢♦❧❞✐♥❣ ✐♥ t❤❡ ✜rst st❡♣ ✐s ♣♦s✐t✐✈❡✳ ❋♦r ❤❛✈✐♥❣
❛ ♣♦s✐t✐✈❡ ❢♦❧❞✐♥❣ ✇❡ ♥❡❡❞
l(sjwSV ) = l(wSV )− 1.
❇✉t t❤✐s ✇❛s ♦✉r ❛ss✉♠♣t✐♦♥✳
❋♦r ✭✐✐✐✮✿ t❤❡ t②♣❡ ♦❢ F ❝♦✐♥❝✐❞❡s ✇✐t❤ t❤❡ t②♣❡ ♦❢ sj(F ) ❛♥❞ Cl ❞♦❡s ♥♦t
❝❤❛♥❣❡✱ ❝♦♥s❡q✉❡♥t❧② t❤❡ ❞❡s✐r❡❞ ♣r♦♣❡rt② ❢♦❧❧♦✇s✳
✶✺
■t ❛❣❛✐♥ ❢♦❧❧♦✇s ❢r♦♠ ❚❤❡♦r❡♠ ✻✳✺ ✐♥ ❬●▲✶❪ t❤❛t (E ⊃ V ⊂ sj(F )) ✐s ♣♦s✐✲
t✐✈❡❧② ❢♦❧❞❡❞✳ 
❆s ✐♥ t❤❡ ✜rst ❝♦♥str✉❝t✐♦♥ ✇❡ ❛r❡ ✐♥t❡r❡st❡❞ ✐♥ t❤❡ ±✲s❡q✉❡♥❝❡ ♦❢ t❤❡ ♥❡✇
❣❛❧❧❡r② ❝2✿
▲❡♠♠❛ ✶✾✳ ▲❡t ♣♠✭❝✮ ❜❡ t❤❡ ±✲s❡q✉❡♥❝❡ ♦❢ t❤❡ ❣❛❧❧❡r② ❝ ✇✐t❤ r❡s♣❡❝t t♦
SV ✳
❚❤❡♥✿
pm(❝2) = (+, pm(❝))
✐s t❤❡ ±✲s❡q✉❡♥❝❡ ♦❢ ❝2 ✇✐t❤ r❡s♣❡❝t t♦ SV ✳
Pr♦♦❢✳ ❚❤❡r❡ ✐s ♥♦t❤✐♥❣ t♦ s❤♦✇✳ 
❊①❛♠♣❧❡
▲❡t (E ⊃ V ⊂ F ) ❜❡ ❛ ✷✲st❡♣ ♦♥❡✲s❦❡❧❡t♦♥ ❣❛❧❧❡r② ✐♥ t❤❡ st❛♥❞❛r❞ ❛♣❛rt♠❡♥t
♦❢ t❤❡ r❡s✐❞✉❡ ❜✉✐❧❞✐♥❣ ♦❢ t②♣❡ A2 ✇✐t❤ E = {V + t(ǫ1 + ǫ2) | t ∈ [0,∞]} ❛♥❞
F = {V + t(ǫ1 + ǫ3) | t ∈ [0,∞]}✿
VV + ǫ2
V + ǫ1
V + ǫ3
F
E
C−
V
SV
❚❤❡ ❞♦tt❡❞ ❧✐♥❡ ✐♥ t❤❡ ♣✐❝t✉r❡ ✐❧❧✉str❛t❡s t❤❡ ♦♥❧② ❣❛❧❧❡r② ♦❢ ❝❤❛♠❜❡rs ❝
✐♥ t❤❡ s❡t Γ+SV ((E ⊃ V ⊂ F ), (1))✳ ❋♦r t❤❡ s✐♠♣❧❡ r❡✢❡❝t✐♦♥ s2 ∈ W
a
V
✇❤✐❝❤ ✐s t❤❡ r❡✢❡❝t✐♦♥ ❛t t❤❡ ❤②♣❡r♣❧❛♥❡ ❝♦♥t❛✐♥✐♥❣ V + ǫ1 ✐t ❤♦❧❞s t❤❛t
l(s2(F )) = l(F )+1 ❛♥❞ l(s2wSV ) = l(wSV )− 1✳ ❈♦♥s❡q✉❡♥t❧②✱ ✇❡ ❝❛♥ ❛♣♣❧②
f22 t♦ Γ
+
SV
((E ⊃ V ⊂ F ), (1))✿
VV + ǫ2
V + ǫ1
V + ǫ3
s2(F )E
C−
V
SV
❚❤❡ ❞♦tt❡❞ ❧✐♥❡ ✐♥ t❤❡ ♣✐❝t✉r❡ ✐❧❧✉str❛t❡s t❤❡ ♥❡✇ ❣❛❧❧❡r② ♦❢ ❝❤❛♠❜❡rs ❝1✳
❯s✐♥❣ t❤❡ t✇♦ ❝♦♥str✉❝t✐♦♥s ♣r❡s❡♥t❡❞ ❛❜♦✈❡ ✇❡ s❤♦✇ t❤❛t t❤❡ s❡t Γ+a (❦)
❝❛♥ ❜❡ ❜✉✐❧❞ r❡❝✉rs✐✈❡❧② ❢r♦♠ s♣❡❝✐❛❧ ❣❛❧❧❡r✐❡s ✇❤✐❝❤ ❛r❡ ❞❡s❝r✐❜❡❞ ✐♥ t❤❡
❢♦❧❧♦✇✐♥❣ ❧❡♠♠❛✿
✶✻
▲❡♠♠❛ ✷✵✳ ▲❡t (E ⊃ V ⊂ F ) ❜❡ ❛ ♣♦s✐t✐✈❡❧② ❢♦❧❞❡❞ ♦♥❡✲s❦❡❧❡t♦♥ ❣❛❧❧❡r②
✇✐t❤ F ∈ C−V ❛♥❞ ❧❡t SV ❜❡ ❛ ❝❤❛♠❜❡r t❤❛t ❝♦♥t❛✐♥s E ❛♥❞ V ✐♥ t❤❡ st❛♥❞❛r❞
❛♣❛rt♠❡♥t ♦❢ t❤❡ r❡s✐❞✉❡ ❜✉✐❧❞✐♥❣ ❛t V ✳
❚❤❡♥
Γ+SV ((E ⊃ V ⊂ F )) = {❝0} = {(C
−
V )}.
Pr♦♦❢✳ ❆s F ✐s ✐♥ C−V ✐t ❢♦❧❧♦✇s✿ ❚❤❡ ❝❤❛♠❜❡r t❤❛t ❝♦♥t❛✐♥s F ❛♥❞ ✐s ❝❧♦s❡st
t♦ C−V ✐s C
−
V ✐ts❡❧❢✳ ❚❤❡r❡❢♦r❡ t❤❡ ❲❡②❧ ❣r♦✉♣ ❡❧❡♠❡♥t ✐♥ W
a
V t❤❛t s❡♥❞s C
−
V
t♦ t❤✐s ❝❤❛♠❜❡r ✐s id ✇✐t❤ l(id) = 0✳ ❚❤❡ ❝❧❛✐♠ ❢♦❧❧♦✇s✳ 
◆♦✇ ✇❡ ❝❛♥ ✜♥❛❧❧② ❢♦r♠✉❧❛t❡ t❤❡ r❡❝✉rr❡♥❝❡ ❢♦r Γ+a (❦)✿
❚❤❡♦r❡♠ ✷✶✳ ❘❡❝✉rr❡♥❝❡ ❢♦r t❤❡ ❣❛❧❧❡r✐❡s ♦❢ ❝❤❛♠❜❡rs
▲❡t (E ⊃ V ⊂ F ) ❜❡ ❛ ♣♦s✐t✐✈❡❧② ❢♦❧❞❡❞ ♦♥❡✲s❦❡❧❡t♦♥ ❣❛❧❧❡r② ♦❢ t②♣❡ ❦✳ ▲❡t
❝ ❜❡ ❛ ❣❛❧❧❡r② ♦❢ ❝❤❛♠❜❡rs ✐♥ Γ+SV ((E ⊃ V ⊂ F ), ✐ = (i1, . . . , il)) ⊂ Γ
+
a (❦)✳
❚❤❡♥ t❤❡r❡ ❡①✐sts ❛ ✉♥✐q✉❡ (E′ ⊃ V ⊂ F ′) ∈ Γ+(❦) ✇✐t❤ F ′ ⊂ C−V ❛♥❞ ❛
✉♥✐q✉❡ ❝❤❛♠❜❡r S′V ✇✐t❤ S
′
V ⊃ E
′ ❛♥❞ ❛ ✉♥✐q✉❡ s❡q✉❡♥❝❡ (p1, . . . , pl) ✇✐t❤
pm ∈ {1, 2} ❢♦r ❡✈❡r② m ∈ {1, . . . , l} s✉❝❤ t❤❛t✿
❝ = f i1p1(f
i2
p2 . . . f
il
pl
(❝0) . . . ),
✇❤❡r❡ ❝0 ∈ Γ
+
S′
V
((E′ ⊃ V ⊂ F ′)).
Pr♦♦❢✳ ■♥ ♦r❞❡r t♦ ♣r♦✈❡ t❤❡ r❡❝✉rr❡♥❝❡ ✇❡ ❞❡✜♥❡ t❤❡ ✐♥✈❡rs❡ ♠❛♣s t♦ f j1 ❛♥❞
f j2 ✳ ❘❡❝❛❧❧ t❤❛t ✇❡ ❝❛♥ ✇r✐t❡ Γ
+
SV
((E ⊃ V ⊂ F )) ❛s t❤❡ ❞✐s❥♦✐♥t ✉♥✐♦♥ ♦❢
ΓfSV ((E ⊃ V ⊂ F )) ❛♥❞ Γ
c
SV
((E ⊃ V ⊂ F ))✳ ■❢ t❤❡ ❝r♦ss✐♥❣ ✐♥ t❤❡ ✜rst
♣♦s✐t✐♦♥ ♦❢ t❤❡ ❣❛❧❧❡r✐❡s ✐s ♦❢ t②♣❡ i t❤❡♥ ✇❡ ✇r✐t❡ ΓciSV ((E ⊃ V ⊂ F )) ❛♥❞ ✐❢
t❤❡ ❢♦❧❞✐♥❣ ✐♥ t❤❡ ✜rst ♣♦s✐t✐♦♥ ✐s ♦❢ t②♣❡ i t❤❡♥ ✇❡ ✇r✐t❡ ΓfiSV ((E ⊃ V ⊂ F ))✳
❋✉rt❤❡r r❡❝❛❧❧ t❤❡ t✇♦ ❝♦♥str✉❝t✐♦♥s✿
▲❡t sj ❜❡ ❛ s✐♠♣❧❡ r❡✢❡❝t✐♦♥ ✐♥ W
a
V ✇✐t❤ l(sj(F )) = l(F ) + 1✳ ❲❡ ❣❡t✿
f j1 : Γ
+
SV
((E ⊃ V ⊂ F ), ✐) −→ Γ
cj
sj(SV )
((sj(E) ⊃ V ⊂ sj(F )), (j, ✐))
❝ = (C−V , C1, . . . , Cl) 7−→ ❝1 = (C
−
V , sj(C
−
V ), sj(C1), . . . , sj(Cl)).
■❢ ❛❞❞✐t✐♦♥❛❧❧② l(sjwSV ) = l(wSV )− 1 ❤♦❧❞s ❢♦r j t❤❡♥ ✇❡ ❣❡t✿
f j2 : Γ
+
SV
((E ⊃ V ⊂ F ), ✐) −→ Γ
fj
SV
((E ⊃ V ⊂ sj(F )), (j, ✐))
❝ = (C−V , C1, . . . , Cl) 7−→ ❝2 = (C
−
V , C
−
V , C1, . . . , Cl).
◆♦✇ ✇❡ ✇❛♥t t♦ ❝♦♥str✉❝t t❤❡ ✐♥✈❡rs❡ ♠❛♣s ❢♦r t❤❡s❡✳ ▲❡t (E ⊃ V ⊂ F ) ❜❡
❛ ♣♦s✐t✐✈❡❧② ❢♦❧❞❡❞ ❣❛❧❧❡r② ✇✐t❤ F 6⊂ C−V ✳ ❉❡✜♥❡
f˜ j1 : Γ
cj
SV
((E ⊃ V ⊂ F ), (j, ✐)) −→ Γ+sj(SV )((sj(E) ⊃ V ⊂ sj(F )), ✐)
❝ = (C−V , C1, . . . , Cl) 7−→ ❝˜1 = (sj(C1) = C
−
V , . . . , sj(Cl)).
✶✼
❋✉rt❤❡r ❞❡✜♥❡✿
f˜ j2 : Γ
fj
SV
((E ⊃ V ⊂ F ), (j, ✐)) −→ Γ+SV ((E ⊃ V ⊂ sj(F )), ✐)
❝ = (C−V , C1 = C
−
V , . . . , Cl) 7−→ ❝˜2 = (C1 = C
−
V , . . . , Cl).
❲✐t❤ t❤❡ s❛♠❡ ❛r❣✉♠❡♥ts ❛s ✐♥ t❤❡ ❝♦♥str✉❝t✐♦♥s ♦❢ f j1 ❛♥❞ f
j
2 ✇❡ ❣❡t t❤❛t
f˜ j1 ❛♥❞ f˜
j
2 ❛r❡ ❞❡✜♥❡❞ ✐♥ ❛ ♣r♦♣❡r ✇❛② ✐✳❡✳ t❤❛t ❝˜1 ∈ Γ
+
sj(SV )
((sj(E) ⊃ V ⊂
sj(F )), (✐)) ❛♥❞ t❤❛t ❝˜2 ∈ Γ
+
SV
((E ⊃ V ⊂ sj(F )), ✐) ❛♥❞ t❤❛t (sj(E) ⊃ V ⊂
sj(F )) ❛♥❞ (E ⊃ V ⊂ sj(F )) ❛r❡ ♣♦s✐t✐✈❡❧② ❢♦❧❞❡❞✳
■t ✐s ❡❛s② t♦ ❝❤❡❝❦ t❤❛t t❤❡s❡ ♠❛♣s ❛r❡ t❤❡ ✐♥✈❡rs❡ ♠❛♣s t♦ f j1 ❛♥❞ f
j
2 ✳
❲❡ ♥♦✇ ✇❛♥t t♦ ♣r♦✈❡ t❤❡ st❛t❡♠❡♥t✳ ▲❡t ❝ ❜❡ ❛ ❣❛❧❧❡r② ♦❢ ❝❤❛♠❜❡rs ✐♥
Γ+SV ((E ⊃ V ⊂ F ), ✐) ⊂ Γ
+
a (❦)✳ ❉❡♣❡♥❞✐♥❣ ♦♥ ✇❤❡t❤❡r t❤❡ ✜rst st❡♣ ✐s ❛
❝r♦ss✐♥❣ ♦r ❛ ❢♦❧❞✐♥❣ ✇❡ ❝❛♥ ❛♣♣❧② ❡✐t❤❡r f˜ i11 ♦r f˜
i1
2 ✳ ◆♦✇ ✇❡ t❛❦❡ t❤❡ r❡s✉❧t✐♥❣
❣❛❧❧❡r② ♦❢ ❝❤❛♠❜❡rs ❛♥❞ ❝❤❡❝❦ ❛❣❛✐♥ ✇❤✐❝❤ ♦♥❡ ♦❢ t❤❡ t✇♦ ♠❛♣s f˜ i21 ❛♥❞ f˜
i2
2
❝❛♥ ❜❡ ❛♣♣❧✐❡❞ ❛♥❞ s♦ ♦♥❡✳ ■♥ ♦t❤❡r ✇♦r❞s✱ ❤♦✇ t♦ r❡❞✉❝❡ ❛ ❣✐✈❡♥ ❣❛❧❧❡r②
♦❢ ❝❤❛♠❜❡rs st❡♣ ❜② st❡♣ ✐s ❞❡t❡r♠✐♥❡❞ ❜② t❤❡ s❤❛♣❡ ♦❢ t❤❡ ❣❛❧❧❡r② ✐ts❡❧❢✳
❚❤❡r❡❢♦r❡ t❤❡r❡ ❡①✐sts ❛ ✉♥✐q✉❡ (E′ ⊃ V ⊂ F ′) ∈ Γ+(❦) ✇✐t❤ F ′ ⊂ C−V ❛♥❞
❛ ✉♥✐q✉❡ ❝❤❛♠❜❡r S′V ✇✐t❤ S
′
V ⊃ E
′ ❛♥❞ S′V ⊃ V ❛♥❞ ❛ ✉♥✐q✉❡ s❡q✉❡♥❝❡
(p1, . . . , pl) ✇✐t❤ pm ∈ {1, 2} ❢♦r ❡✈❡r② m ∈ {1, . . . , l} s✉❝❤ t❤❛t
❝ = f i1p1(f
i2
p2 . . . f
il
pl
(❝0) . . . ),
✇❤❡r❡ ❝0 ∈ Γ
+
S′
V
((E′ ⊃ V ⊂ F ′)). 
✹✳✷✳ ❚②♣❡ An✳ ▲❡t A ❜❡ t❤❡ st❛♥❞❛r❞ ❛♣❛rt♠❡♥t ♦❢ t❤❡ ❛✣♥❡ ❜✉✐❧❞✐♥❣ ♦❢
t②♣❡ An✳ ❚❤❡ ❝♦✇❡✐❣❤t ❧❛tt✐❝❡ Xˇ ❝❛♥ ❜❡ ✐❞❡♥t✐✜❡❞ ✇✐t❤ Zn+1/(1, . . . , 1) ❛♥❞
✇❡ ✐❞❡♥t✐❢② t❤❡ ✇❡✐❣❤t ❧❛tt✐❝❡ X ✇✐t❤ Xˇ ✉s✐♥❣ t❤❡ st❛♥❞❛r❞ ✐♥♥❡r ♣r♦❞✉❝t ♦♥
Zn+1✳ ❚❤❡ s✐♠♣❧❡ ❝♦r♦♦ts ❛r❡ αiˇ = ǫi− ǫi+1 ❢♦r i ∈ {1, . . . , n} ✇❤❡r❡ ǫi ✐s t❤❡
it❤ ✉♥✐t ✈❡❝t♦r ♦❢ Zn+1✱ t❤❡ s✐♠♣❧❡ r♦♦ts αi ❝♦✐♥❝✐❞❡ ✇✐t❤ t❤❡ s✐♠♣❧❡ ❝♦r♦♦ts
αiˇ✳ ❚❤❡ ♣♦s✐t✐✈❡ r♦♦ts ❛r❡ ǫi − ǫj ✇✐t❤ i < j ❛♥❞ ρ = 1/2
∑
♣♦s✐t✐✈❡ r♦♦ts =
1/2(n)ǫ1+1/2(n−2)ǫ2+· · ·+1/2(−n)ǫn+1✳ ❋♦r t❤❡ ❢✉♥❞❛♠❡♥t❛❧ ❝♦✇❡✐❣❤ts ✇❡
❝❤♦♦s❡ t❤❡ ❇♦✉r❜❛❦✐ ❡♥✉♠❡r❛t✐♦♥ ✐✳❡✳ ωi = ǫ1+ · · ·+ǫi ❢♦r i ∈ {1, . . . , n} ❬❇❪✳
❚❤❡ ❝♦♠❜✐♥❛t♦r✐❛❧ ♦♥❡✲s❦❡❧❡t♦♥ ❣❛❧❧❡r② ❛ss♦❝✐❛t❡❞ t♦ ❛ ❢✉♥❞❛♠❡♥t❛❧ ❝♦✇❡✐❣❤t
ωi ❝♦✐♥❝✐❞❡s ✇✐t❤ t❤❡ ♠✐♥✉s❝✉❧❡ ♦♥❡✲s❦❡❧❡t♦♥ ❣❛❧❧❡r② ✐♥ ωi✲❞✐r❡❝t✐♦♥ ✐✳❡✳ δωi =
δEωi = (o ⊂ Eωi ⊃ ωi) ❢♦r i ∈ {1, . . . , n} s✐♥❝❡ ❛❧❧ ❢✉♥❞❛♠❡♥t❛❧ ❝♦✇❡✐❣❤ts
❛r❡ ♠✐♥✉s❝✉❧❡ ❢♦r t②♣❡ An✳ ❚❤❡ ❝♦♠❜✐♥❛t♦r✐❛❧ ♦♥❡✲s❦❡❧❡t♦♥ ❣❛❧❧❡r✐❡s ♦❢ t❤❡
s❛♠❡ t②♣❡ ❛s ωi ❛r❡ δτ(Eωi ) = (o ⊂ τ(Eωi) ⊃ τ(ωi)) ✇✐t❤ τ ∈ W/Wωi ✳
❆ ❞♦♠✐♥❛♥t ❝♦✇❡✐❣❤t λ = λ1ǫ1 + . . . λnǫn ✐s ❣✐✈❡♥ ❜② ❛ ✇❡❛❦❧② ❞❡❝r❡❛s✐♥❣
s❡q✉❡♥❝❡ λ1 ≥ · · · ≥ λn ≥ 0✳ ❘❡❝❛❧❧ t❤❛t δλ ❞❡♥♦t❡s t❤❡ ❝♦♠❜✐♥❛t♦r✐❛❧ ♦♥❡✲
s❦❡❧❡t♦♥ ❣❛❧❧❡r② δa1ω1∗· · ·∗δanωn ✇❤❡r❡ λ =
∑
aiωi✳ ■♥ t❤✐s s❡❝t✐♦♥ ✇❡ r❡str✐❝t
♦✉rs❡❧✈❡s t♦ ❝♦♠❜✐♥❛t♦r✐❛❧ ♦♥❡✲s❦❡❧❡t♦♥ ❣❛❧❧❡r✐❡s δ = δw0(Eωi0 )
∗ · · · ∗δwr(Eωir )
✇✐t❤ i0 ≤ · · · ≤ ir✳ ◆♦t❡ t❤❛t ❢♦r ❡✈❡r② ♦♥❡✲s❦❡❧❡t♦♥ ❣❛❧❧❡r② δ ♦❢ t②♣❡ An
t❤❡r❡ ❡①✐sts ❛ ❞♦♠✐♥❛♥t ❝♦✇❡✐❣❤t λ s✉❝❤ t❤❛t t(δ) = t(δλ)✳ ❚❤❡ ❲❡②❧ ❣r♦✉♣
W ✐s t❤❡ s②♠♠❡tr✐❝ ❣r♦✉♣ Sn+1✳ ❈♦♥s✐❞❡r t❤❡ ❛❝t✐♦♥ ♦❢ W ♦♥ t❤❡ ❝♦✇❡✐❣❤ts
Xˇ✳ ▲❡t λ ∈ Xˇ ❜❡ ❣✐✈❡♥ ✐♥ t❤❡ ❜❛s✐s {ǫ1, . . . , ǫn+1}✳ ❚❤❡♥ ❛♣♣❧②✐♥❣ t❤❡ s✐♠♣❧❡
✶✽
r❡✢❡❝t✐♦♥ si t♦ λ ✐♥t❡r❝❤❛♥❣❡s t❤❡ ❝♦❡✣❝✐❡♥t ♦❢ ǫi ✇✐t❤ t❤❡ ❝♦❡✣❝✐❡♥t ♦❢ ǫi+1
❛♥❞ ✜①❡s t❤❡ ❝♦❡✣❝✐❡♥t ♦❢ ǫj ❢♦r j /∈ {i, i+ 1} ❢♦r ❡✈❡r② i ∈ {1, . . . , n}✳
❙✐♥❝❡ ❡✈❡r② ✈❡rt❡① V ✐s s♣❡❝✐❛❧ t❤❡ ❲❡②❧ ❣r♦✉♣ W vV ❝♦✐♥❝✐❞❡s ✇✐t❤ W ✳
✹✳✷✳✶✳ ❨♦✉♥❣ t❛❜❧❡❛✉ ♦❢ t②♣❡ An✳ ▲❡t λ = λ1ǫ1 + · · · + λnǫn ❜❡ ❛ ❞♦♠✐♥❛♥t
❝♦✇❡✐❣❤t ❛♥❞ ❧❡t r ❜❡ t❤❡ s♠❛❧❧❡st ✐♥❞❡① ✇✐t❤ λr+1 = 0✳ ❲❡ ❛ss♦❝✐❛t❡ t♦
λ ❛ ❞✐❛❣r❛♠ ❝♦♥s✐st✐♥❣ ♦❢ r ❧❡❢t✲❛❧✐❣♥❡❞ r♦✇s ✇❤❡r❡ t❤❡ it❤ r♦✇ ❝♦♥s✐sts ♦❢
λi ❜♦①❡s ✭❢r♦♠ t♦♣ t♦ ❜♦tt♦♠✮✳ ■♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ✇❡ ❞❡♥♦t❡ t❤❡ ❞✐❛❣r❛♠ ❜②
❞❣✭λ✮✳
❊①❛♠♣❧❡✳
❋♦r λ = 3ǫ1 + 3ǫ2 + 2ǫ3 + 1ǫ4 ✇❡ ♦❜t❛✐♥
dg(λ) = .
❆ ❨♦✉♥❣ t❛❜❧❡❛✉ T ♦❢ t②♣❡ An ♦❢ s❤❛♣❡ λ ✐s t❤❡ ❞✐❛❣r❛♠ ❞❣✭λ✮ ✇❤❡r❡
❡❛❝❤ ❜♦① ✐s ✜❧❧❡❞ ✇✐t❤ ❛ ♥✉♠❜❡r ✐♥ {1, . . . , n + 1} s✉❝❤ t❤❛t t❤❡ ❡♥tr✐❡s
❛r❡ str✐❝t❧② ✐♥❝r❡❛s✐♥❣ ✐♥ t❤❡ ❝♦❧✉♠♥s ✭❢r♦♠ t♦♣ t♦ ❜♦tt♦♠✮✳ ❚❤❡ ❝♦✇❡✐❣❤t
µ = µ1ǫ1 + · · ·+ µn+1ǫn+1✱ ✇❤❡r❡ µi ✐s t❤❡ ♥✉♠❜❡r ♦❢ ❜♦①❡s ✐♥ t❤❡ ❞✐❛❣r❛♠
✐♥ ✇❤✐❝❤ ❛♥ i ✐s ✐♥s❡rt❡❞ ✐s ❝❛❧❧❡❞ t❤❡ ❝♦♥t❡♥t ♦❢ t❤❡ ❨♦✉♥❣ t❛❜❧❡❛✉✳
❊①❛♠♣❧❡✳
❚❤❡ ❨♦✉♥❣ t❛❜❧❡❛✉
1 2 1
2 3 2
3 4
4
❤❛s s❤❛♣❡ λ ❛s ✐♥ t❤❡ ✜rst ❡①❛♠♣❧❡ ❛♥❞ ❝♦♥t❡♥t µ = 2ǫ1 + 3ǫ2 + 2ǫ3 + 2ǫ4✳
▲❡t T ❜❡ ❛ ❨♦✉♥❣ t❛❜❧❡❛✉ ❛♥❞ Ci ❞❡♥♦t❡s t❤❡ it❤ ❝♦❧✉♠♥ ♦❢ T ❢♦r i ∈
{0, . . . , l} ✭❢r♦♠ ❧❡❢t t♦ r✐❣❤t✮✳ ❲❡ ❝❛❧❧ T ♠✐♥✐♠❛❧ ✐❢ ❛❧❧ ❡♥tr✐❡s ♦❢ Ci ❛❧s♦
❛♣♣❡❛r ✐♥ Ci−1 ❢♦r i ∈ {1, . . . , l}✳
❊①❛♠♣❧❡✳
T =
1 1 3
2 3 4
3 4
4
.
❆ ❨♦✉♥❣ t❛❜❧❡❛✉ T ✐s ❝❛❧❧❡❞ s❡♠✐st❛♥❞❛r❞ ✐❢ t❤❡ ❡♥tr✐❡s ❛r❡ ✇❡❛❦❧② ✐♥❝r❡❛s✲
✐♥❣ ❢r♦♠ ❧❡❢t t♦ r✐❣❤t ✐♥ t❤❡ r♦✇s✳
❊①❛♠♣❧❡✳
T =
1 2 2
2 3 4
3 5
4
.
✶✾
◆♦t❡ t❤❛t ♠✐♥✐♠❛❧ ❨♦✉♥❣ t❛❜❧❡❛✉① ❛r❡ ❛❧✇❛②s s❡♠✐st❛♥❞❛r❞✳ ▲❡t ❙❙❨❚✭λ, µ✮
❞❡♥♦t❡ t❤❡ s❡t ♦❢ ❛❧❧ s❡♠✐st❛♥❞❛r❞ ❨♦✉♥❣ t❛❜❧❡❛✉ ✇✐t❤ s❤❛♣❡ λ ❛♥❞ ❝♦♥t❡♥t
µ✳
❲❡ ❝❛♥ ✐❞❡♥t✐❢② ♦♥❡✲s❦❡❧❡t♦♥ ❣❛❧❧❡r✐❡s ✐♥ A ✇✐t❤ ❨♦✉♥❣ t❛❜❧❡❛✉① ♦❢ t②♣❡ An
❛s ❢♦❧❧♦✇s✿
▲❡t δ = δw0(Eωi0 )
∗· · ·∗δwr(Eωir )
❜❡ ❛ ♦♥❡✲s❦❡❧❡t♦♥ ❣❛❧❧❡r②✳ ▲❡t wk(ωik) = ǫk1+
· · ·+ ǫkj ❢♦r k ∈ {0, . . . , r}✳ ❚❤❡♥ ✇❡ ❛ss♦❝✐❛t❡ t♦ δwk(Eωik )
t❤❡ ❝♦❧✉♠♥ Cr−k
❝♦♥s✐st✐♥❣ ♦❢ j ❜♦①❡s ✜❧❧❡❞ ✇✐t❤ t❤❡ ♥✉♠❜❡rs k1 < · · · < kj ✐♥ ✐♥❝r❡❛s✐♥❣ ♦r❞❡r
❢r♦♠ t♦♣ t♦ ❜♦tt♦♠✳ ❚❤❡ ❨♦✉♥❣ t❛❜❧❡❛✉ Tδ = (C0, . . . , Cr) t❤❛t ✇❡ ❛ss♦❝✐❛t❡
t♦ t❤❡ ♦♥❡✲s❦❡❧❡t♦♥ ❣❛❧❧❡r② δ ✐s t❤❡ t❛❜❧❡❛✉ t❤❛t ✇❡ ♦❜t❛✐♥ ❜② ♣✉tt✐♥❣ t❤❡
❝♦❧✉♠♥s ♥❡①t t♦ ❡❛❝❤ ♦t❤❡r ❛❧✐❣♥❡❞ ❛t t❤❡ t♦♣✳ ❚❤✐s t❛❜❧❡❛✉ ❤❛s s❤❛♣❡
λ =
∑r
j=0 ωij ✳
❊①❛♠♣❧❡✳
❋♦r δ = (δs1s3s2(Eω2 ) ∗ δs1s2s4s3(Eω3 ) ∗ δEω4 ) t❤❡ ❛ss♦❝✐❛t❡❞ ❨♦✉♥❣ t❛❜❧❡❛✉ ✐s
Tδ =
1 2 2
2 3 4
3 5
4
.
❚❤✐s ❛ss✐❣♥♠❡♥t ✐s ❝❧❡❛r❧② ❛ ❜✐❥❡❝t✐♦♥ ❜❡t✇❡❡♥ t❤❡ s❡t ♦❢ ❨♦✉♥❣ t❛❜❧❡❛✉① ♦❢
t②♣❡ An ♦❢ s❤❛♣❡ λ ❛♥❞ t❤❡ ❝♦♠❜✐♥❛t♦r✐❛❧ ♦♥❡✲s❦❡❧❡t♦♥ ❣❛❧❧❡r✐❡s ♦❢ t②♣❡ An ♦❢
t②♣❡ λ ❢♦r ❛ ❞♦♠✐♥❛♥t ❝♦✇❡✐❣❤t λ st❛rt✐♥❣ ✐♥ t❤❡ ♦r✐❣✐♥ o✳ ❚❤✉s ❢♦r ❛ ❨♦✉♥❣
t❛❜❧❡❛✉ T = (C0, . . . , Cr)✱ t❤❡ ♦♥❡✲s❦❡❧❡t♦♥ ❣❛❧❧❡r② δT = (o ⊂ E0 ⊃ V1 ⊂
· · · ⊃ Vr+1) ❞❡♥♦t❡s t❤❡ ❛ss♦❝✐❛t❡❞ ❝♦♠❜✐♥❛t♦r✐❛❧ ♦♥❡✲s❦❡❧❡t♦♥ ❣❛❧❧❡r② ✇❤❡r❡
Er−j ✐s t❤❡ ❡❞❣❡ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ ❝♦❧✉♠♥ Cj ❢♦r j ∈ {0, . . . , r}✳ ❆ ✷✲st❡♣
♦♥❡✲s❦❡❧❡t♦♥ ❣❛❧❧❡r② (E ⊃ V ⊂ F ) ❜❡❝♦♠❡s ❛ ✷✲❝♦❧✉♠♥ ❨♦✉♥❣ t❛❜❧❡❛✉✱ ❛
❨♦✉♥❣ t❛❜❧❡❛✉ ❝♦♥s✐st✐♥❣ ♦❢ ♦♥❧② ✷ ❝♦❧✉♠♥s✱ ❛t ✈❡rt❡① V ✳
◆♦✇ ✇❡ ❝❛♥ ✐♥✈❡st✐❣❛t❡ ❤♦✇ ❜❡✐♥❣ ♠✐♥✐♠❛❧ ❛♥❞ ♣♦s✐t✐✈❡❧② ❢♦❧❞❡❞ ❢♦r ❛ ♦♥❡✲
s❦❡❧❡t♦♥ ❣❛❧❧❡r② tr❛♥s❧❛t❡s ✐♥ t❡r♠s ♦❢ ❨♦✉♥❣ t❛❜❧❡❛✉①✿
❚❤❡♦r❡♠ ✷✷✳ ❚❤✐s ❛ss✐❣♥♠❡♥t ❞❡✜♥❡s ❛ ❜✐❥❡❝t✐♦♥ ❜❡t✇❡❡♥ t❤❡ s❡t ♦❢ ❛❧❧
♠✐♥✐♠❛❧ ❨♦✉♥❣ t❛❜❧❡❛✉① ♦❢ s❤❛♣❡ λ ❛♥❞ t❤❡ s❡t ♦❢ ❛❧❧ ♠✐♥✐♠❛❧ ❝♦♠❜✐♥❛t♦r✐❛❧
♦♥❡✲s❦❡❧❡t♦♥ ❣❛❧❧❡r✐❡s ♦❢ t②♣❡ λ st❛rt✐♥❣ ✐♥ t❤❡ ♦r✐❣✐♥ o✳ ❋✉rt❤❡r✱ ✐t ❛❧s♦
❞❡✜♥❡s ❛ ❜✐❥❡❝t✐♦♥ ❜❡t✇❡❡♥ t❤❡ s❡t ♦❢ ❛❧❧ s❡♠✐st❛♥❞❛r❞ ❨♦✉♥❣ t❛❜❧❡❛✉① ♦❢ s❤❛♣❡
λ ❛♥❞ t❤❡ s❡t ♦❢ ❛❧❧ ♣♦s✐t✐✈❡❧② ❢♦❧❞❡❞ ❝♦♠❜✐♥❛t♦r✐❛❧ ♦♥❡✲s❦❡❧❡t♦♥ ❣❛❧❧❡r✐❡s ♦❢
t②♣❡ λ st❛rt✐♥❣ ✐♥ t❤❡ ♦r✐❣✐♥ o✳
❘❡♠❛r❦ ✷✸✳ ❚❤❡ ♣r♦♦❢ t❤❛t s❡♠✐st❛♥❞❛r❞ ❨♦✉♥❣ t❛❜❧❡❛✉① ♦❢ t②♣❡ An ❛♥❞
♣♦s✐t✐✈❡❧② ❢♦❧❞❡❞ ❝♦♠❜✐♥❛t♦r✐❛❧ ♦♥❡✲s❦❡❧❡t♦♥ ❣❛❧❧❡r✐❡s ♦❢ t②♣❡ An ❛r❡ t❤❡ s❛♠❡
❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ ❬▲▼❙❪ ❛♥❞ ✐♥ ❬●▲✶❪✳ ❋♦r t❤❡ ❝♦♥✈❡♥✐❡♥❝❡ ♦❢ t❤❡ r❡❛❞❡r ✇❡
❛❧s♦ ❣✐✈❡ ❛ ❞❡t❛✐❧❡❞ ♣r♦♦❢✳
Pr♦♦❢✳ ❇❡❝❛✉s❡ ♦❢ ❚❤❡♦r❡♠ ✽ ✐t s✉✣❝❡s t♦ s❤♦✇ t❤❛t t❤❡ s❡t ♦❢ ❛❧❧ ♠✐♥✐♠❛❧
✷✲st❡♣ ♦♥❡✲s❦❡❧❡t♦♥ ❣❛❧❧❡r✐❡s st❛rt✐♥❣ ✐♥ t❤❡ ♦r✐❣✐♥ o ✐s ✐♥ ❜✐❥❡❝t✐♦♥ ✇✐t❤ t❤❡
✷✵
s❡t ♦❢ ❛❧❧ ♠✐♥✐♠❛❧ ✷✲❝♦❧✉♠♥ ❨♦✉♥❣ t❛❜❧❡❛✉① ❛♥❞ t❤❛t t❤❡ s❡t ♦❢ ❛❧❧ ♣♦s✐t✐✈❡❧②
❢♦❧❞❡❞ ✷✲st❡♣ ♦♥❡✲s❦❡❧❡t♦♥ ❣❛❧❧❡r✐❡s st❛rt✐♥❣ ✐♥ t❤❡ ♦r✐❣✐♥ o ✐s ✐♥ ❜✐❥❡❝t✐♦♥ ✇✐t❤
❛❧❧ s❡♠✐st❛♥❞❛r❞ ✷✲❝♦❧✉♠♥ ❨♦✉♥❣ t❛❜❧❡❛✉①✿
❲❡ ❜❡❣✐♥ ✇✐t❤ ♠✐♥✐♠❛❧✐t②✿ ▲❡t (E ⊃ V ⊂ F ) ❜❡ ❛ ♠✐♥✐♠❛❧ ✷✲st❡♣ ♦♥❡✲
s❦❡❧❡t♦♥ ❣❛❧❧❡r② ✐♥ A✳ ❲❡ ❝❛♥ ❛ss✉♠❡ t❤❛t V ✐s ❛ s♣❡❝✐❛❧ ✈❡rt❡① ❜❡❝❛✉s❡ ✇❡
❛r❡ ✐♥ t②♣❡ An✳ ❇❡❝❛✉s❡ (E ⊃ V ⊂ F ) ✐s ♠✐♥✐♠❛❧ ✇❡ ❦♥♦✇ t❤❛t t❤❡r❡ ❡①✐st
❢✉♥❞❛♠❡♥t❛❧ ❝♦✇❡✐❣❤ts ωi1 ❛♥❞ ωi2 ✇✐t❤ i1 ≤ i2 ❛♥❞ ❛ ♠✐♥✐♠❛❧ ❲❡②❧ ❣r♦✉♣
❡❧❡♠❡♥t w ∈ W s✉❝❤ t❤❛t t❤❡ ♠✐♥✉s❝✉❧❡ ♣r❡s❡♥t❛t✐♦♥ ♦❢ (E ⊃ V ⊂ F ) ✐s
δw(Eωi1 )
∗ δw(Eωi2 )
✳ ❈♦♥s✐❞❡r
w(ωi2) = w(ωi1 + ǫi1+1 + · · ·+ ǫi2) = w(ωi1) + w(ǫi1+1 + · · ·+ ǫi2).
❚❤✉s t❤❡ s❡t ♦❢ ❛❧❧ ❡♥tr✐❡s ✐♥ t❤❡ ❝♦❧✉♠♥ CF ❛ss♦❝✐❛t❡❞ t♦ F ❝♦♥t❛✐♥s t❤❡ s❡t
♦❢ ❛❧❧ ❡♥tr✐❡s ♦❢ t❤❡ ❝♦❧✉♠♥ CE ❛ss♦❝✐❛t❡❞ t♦ E✳
❈♦♥✈❡rs❡❧②✱ ❧❡t T ❜❡ ❛ ♠✐♥✐♠❛❧ ✷✲❝♦❧✉♠♥ ❨♦✉♥❣ t❛❜❧❡❛✉ ✇❤❡r❡ C1 ❞❡♥♦t❡s
t❤❡ ✜rst ❛♥❞ C2 t❤❡ s❡❝♦♥❞ ❝♦❧✉♠♥ ♦❢ T ✳ ▲❡t l1 ❞❡♥♦t❡ t❤❡ ♥✉♠❜❡r ♦❢ ❜♦①❡s
✐♥ C1 ❛♥❞ l2 t❤❡ ♥✉♠❜❡r ♦❢ ❜♦①❡s ✐♥ C2✳ ▲❡t (E ⊃ V ⊂ F ) ❜❡ t❤❡ ❛s✲
s♦❝✐❛t❡❞ ✷✲st❡♣ ♦♥❡✲s❦❡❧❡t♦♥ ❣❛❧❧❡r②✳ ❲❡ ♥♦✇ ❣✐✈❡ ❛♥ ❡①♣❧✐❝✐t ❝♦♥str✉❝t✐♦♥
♦❢ t❤❡ ♠✐♥✐♠❛❧ ❲❡②❧ ❣r♦✉♣ ❡❧❡♠❡♥t w ∈ W s✉❝❤ t❤❛t δw(Eωl1 )
∗ δw(Eωl2 )
✐s
t❤❡ ♠✐♥✉s❝✉❧❡ ♣r❡s❡♥t❛t✐♦♥ ♦❢ (E ⊃ V ⊂ F )✿ ❲✐t❤♦✉t ❧♦ss ♦❢ ❣❡♥❡r❛❧✐t② ✇❡
❛ss✉♠❡ t❤❛t l1 > l2✳ ❇❡❝❛✉s❡ ✐❢ l1 = l2 t❤❡♥ t❤❡ s❡t ♦❢ ❡♥tr✐❡s ✐s t❤❡ s❛♠❡ ✐♥
❜♦t❤ ❝♦❧✉♠♥s✳ ▲❡t {i1, . . . , il1} ❜❡ t❤❡ s❡t ♦❢ ❡♥tr✐❡s ✐♥ C1 ❛♥❞ {j1, . . . , jl2}
t❤❡ s❡t ♦❢ ❡♥tr✐❡s ✐♥ C2✳ ■❢ il1 ✐s ♥♦t ❛♥ ❡♥tr② ♦❢ C2 t❤❡♥ sil1−1 · · · sl1 ❞♦❡s
♥♦t ❝❤❛♥❣❡ ωl2 ❜✉t sil1−1 · · · sl1(ωl1) = ωl1 − ǫl1 + ǫil1 ✳ ●♦ ♦♥ ❧✐❦❡ t❤✐s ✉♥t✐❧
im = jl2 ✳ ◆♦✇ ❛♣♣❧②✐♥❣ sjl2−1 · · · sl2 t♦ sil1−1 · · · sl1(ωl1) ❞♦❡s ♥♦t ❝❤❛♥❣❡
❛♥②t❤✐♥❣ ❛♥❞ ωl2 ❜❡❝♦♠❡s ωl2 − ǫl2 + ǫjl2 ✳ ❇② ✐t❡r❛t✐♥❣ t❤❡s❡ st❡♣s ✇❡ ❞❡r✐✈❡
t❤❡ ❲❡②❧ ❣r♦✉♣ ❡❧❡♠❡♥t w ∈W ✇✐t❤ t❤❡ ❞❡s✐r❡❞ ♣r♦♣❡rt✐❡s✳
◆♦✇ ❝♦♥s✐❞❡r ❛ ✷✲st❡♣ ♦♥❡✲s❦❡❧❡t♦♥ ❣❛❧❧❡r② (E ⊃ V ⊂ F ) t❤❛t ✐s ♣♦s✐t✐✈❡❧②
❢♦❧❞❡❞✳ ❲✐t❤♦✉t ❧♦ss ♦❢ ❣❡♥❡r❛❧✐t② ✇❡ ❛ss✉♠❡ t❤❛t (E ⊃ V ⊂ F ) ✐s ♥♦t ♠✐♥✲
✐♠❛❧✳ ❚❤❡♥ t❤❡r❡ ❡①✐sts ❛ ♠✐♥✐♠❛❧ ✷✲st❡♣ ♦♥❡✲s❦❡❧❡t♦♥ ❣❛❧❧❡r② (E ⊃ V ⊂ F ′)
s✉❝❤ t❤❛t ✇❡ ♦❜t❛✐♥ F ❢r♦♠ F ′ ❜② ❛ ♣♦s✐t✐✈❡ ❢♦❧❞✐♥❣✳ ❚❤✐s ♠❡❛♥s t❤❛t t❤❡r❡
❡①✐st ❢✉♥❞❛♠❡♥t❛❧ ❝♦✇❡✐❣❤ts ωi1 ❛♥❞ ωi2 ✇✐t❤ i1 ≥ i2 ❛♥❞ ❲❡②❧ ❣r♦✉♣ ❡❧❡✲
♠❡♥ts w1 ❛♥❞ w2 s✉❝❤ t❤❛t δw1(Eωi1 )
∗δw1(Eωi2 )
✐s t❤❡ ♠✐♥✉s❝✉❧❡ ♣r❡s❡♥t❛t✐♦♥
♦❢ (E ⊃ V ⊂ F ′) ❛♥❞ t❤❛t δw1(Eωi1 )
∗ δw2w1(Eωi2 )
✐s t❤❡ ♠✐♥✉s❝✉❧❡ ♣r❡s❡♥t❛✲
t✐♦♥ ♦❢ (E ⊃ V ⊂ F )✳ ■♥ t②♣❡ An ✇❡ ❝❛♥ ❝♦♥❝❧✉❞❡ t❤❛t w2 ✐♥t❡r❝❤❛♥❣❡s t❤❡
❝♦❡✣❝✐❡♥t ♦❢ s♦♠❡ ǫi ✇✐t❤ t❤❡ ❝♦❡✣❝✐❡♥t ♦❢ s♦♠❡ ǫj ✇✐t❤ j > i✳ ▲❡t w2 ∈W
❜❡ t❤❡ ♠✐♥✐♠❛❧ ❲❡②❧ ❣r♦✉♣ ❡❧❡♠❡♥t ✇✐t❤ t❤✐s ♣r♦♣❡rt②✳ ❈♦♥s✐❞❡r
w2w1(ωi2) = w2(w1(ω1)) + w2w1(ǫi1+1 + · · ·+ ǫi2).
❇❡❝❛✉s❡ w2 ✐s ♠✐♥✐♠❛❧ ✐t ✐♥t❡r❝❤❛♥❣❡s ♦♥❧② t❤❡ ❝♦❡✣❝✐❡♥t ♦❢ s♦♠❡ ǫi ✇✐t❤
t❤❡ ❝♦❡✣❝✐❡♥t ♦❢ s♦♠❡ ǫj ✇✐t❤ j < i✳ ❚❤❡ ❞❡s✐r❡❞ ♣r♦♣❡rt② ❢♦❧❧♦✇s✳
❈♦♥✈❡rs❡❧②✱ ❧❡t T ❜❡ ❛ s❡♠✐st❛♥❞❛r❞ ❨♦✉♥❣ t❛❜❧❡❛✉ ✇❤❡r❡ C1 ❞❡♥♦t❡s t❤❡
✜rst ❛♥❞ C2 ❞❡♥♦t❡s t❤❡ s❡❝♦♥❞ ❝♦❧✉♠♥✳ ▲❡t (E ⊃ V ⊂ F ) ❜❡ t❤❡ ❛ss♦❝✐❛t❡❞
✷✲st❡♣ ♦♥❡✲s❦❡❧❡t♦♥ ❣❛❧❧❡r② ❛♥❞ δw1(ωi1 ) ∗ δw2(ωi2 ) t❤❡ ♠✐♥✉s❝✉❧❡ ♣r❡s❡♥t❛t✐♦♥✳
▲❡t w ∈W ❜❡ t❤❡ ♠✐♥✐♠❛❧ ❲❡②❧ ❣r♦✉♣ ❡❧❡♠❡♥t s✉❝❤ t❤❛t t❤❡ ❨♦✉♥❣ t❛❜❧❡❛✉
✷✶
❛ss♦❝✐❛t❡❞ t♦ t❤❡ ✷✲st❡♣ ♦♥❡✲s❦❡❧❡t♦♥ ❣❛❧❧❡r② (E ⊃ V ⊂ w(F ) = F ′) ✐s
♠✐♥✐♠❛❧✳ ❚❤❡♥ δw1(Eωi1 )
∗ δw(w2(Eωi2 ))
✐s t❤❡ ♠✐♥✉s❝✉❧❡ ♣r❡s❡♥t❛t✐♦♥ ♦❢ (E ⊃
V ⊂ F ′)✳ ❇❡❝❛✉s❡ T ✐s s❡♠✐st❛♥❞❛r❞ ❛♥❞ w ✐s ♠✐♥✐♠❛❧✱ ❛♣♣❧②✐♥❣ w t♦ F
♠❡❛♥s ❝❤❛♥❣✐♥❣ t❤❡ ❝♦❡✣❝✐❡♥t ♦❢ ǫi ✇✐t❤ t❤❡ ❝♦❡✣❝✐❡♥t ♦❢ ǫj ✇✐t❤ j > i
✐♥ w2(ωi2) t♦ ♦❜t❛✐♥ w(w2(ωi2))✳ ❚❤✉s ✇❡ ❦♥♦✇ t❤❛t ❛♣♣❧②✐♥❣ w
−1 t♦ F ′
❝❤❛♥❣❡s t❤❡ ❝♦❡✣❝✐❡♥t ♦❢ ǫi ✇✐t❤ t❤❡ ❝♦❡✣❝✐❡♥t ♦❢ ǫj ✇✐t❤ j < i✳ ❚❤❡ ❝❧❛✐♠
❢♦❧❧♦✇s✳ 
❲❡ ♥♦✇ tr❛♥s❧❛t❡ t❤❡ ♥♦t✐♦♥ ♦❢ r❡✢❡❝t✐♦♥s ♦♥ ❨♦✉♥❣ t❛❜❧❡❛✉①✳ ▲❡t C ❜❡
❛ ❝♦❧✉♠♥ ♦❢ ❛ ❨♦✉♥❣ t❛❜❧❡❛✉ ♦❢ t②♣❡ An ✇✐t❤ ❡♥tr✐❡s {i1 < · · · < il} ❛♥❞ ❧❡t
sk ∈W ❜❡ ❛ s✐♠♣❧❡ r❡✢❡❝t✐♦♥✳ ❚❤❡♥ sk(C) ✐s ❞❡✜♥❡❞ t♦ ❜❡ t❤❡ ❝♦❧✉♠♥ ✇✐t❤
❡♥tr✐❡s {j1 < · · · < jl} ✇❤❡r❡ sk(ǫi1+· · ·+ǫil) = ǫj1+· · ·+ǫjl ✳ ▼♦r❡ ♣r❡❝✐s❡❧②✱
❛ s✐♠♣❧❡ r❡✢❡❝t✐♦♥ sk ✐♥t❡r❝❤❛♥❣❡s t❤❡ ❡♥tr✐❡s k ❛♥❞ k+1 ❢♦r k ∈ {1, . . . , n}✳
✹✳✸✳ ❚②♣❡ Bn✳ ▲❡t A ❜❡ t❤❡ st❛♥❞❛r❞ ❛♣❛rt♠❡♥t ♦❢ t❤❡ ❛✣♥❡ ❜✉✐❧❞✐♥❣ ♦❢
t②♣❡ Bn✳ ❚❤❡ s✐♠♣❧❡ ❝♦r♦♦ts ❛r❡ αiˇ = ǫi − ǫi+1 ❢♦r i = 1, . . . , n − 1 ❛♥❞
αnˇ = ǫn ✇❤❡r❡ ǫi ✐s t❤❡ it❤ ✉♥✐t ✈❡❝t♦r ♦❢ Zn✳ ❋♦r t❤❡ ❢✉♥❞❛♠❡♥t❛❧ ❝♦✇❡✐❣❤ts
ωi ✇❡ ❝❤♦♦s❡ ❇♦✉r❜❛❦✐ ❡♥✉♠❡r❛t✐♦♥ ✐✳❡✳ ωi = ǫ1+ · · ·+ ǫi ❢♦r i = 1, . . . , n−1
❛♥❞ ωn = 1/2(ǫ1 + · · · + ǫn) ❬❇❪✳ ❚❤❡ ❝♦♠❜✐♥❛t♦r✐❛❧ ♦♥❡✲s❦❡❧❡t♦♥ ❣❛❧❧❡r✐❡s
❛ss♦❝✐❛t❡❞ t♦ t❤❡ ❢✉♥❞❛♠❡♥t❛❧ ❝♦✇❡✐❣❤ts ❛r❡ ❛s ❢♦❧❧♦✇s✿ ❋♦r t❤❡ ♠✐♥✉s❝✉❧❡
❢✉♥❞❛♠❡♥t❛❧ ❝♦✇❡✐❣❤t ωn ✇❡ ❣❡t δωn = δEωn = (o ⊂ Eωn ⊃ ωn)✳ ❙✐♥❝❡ ✇❡
❛r❡ ✐♥ t②♣❡ Bn ✇❡ ❤❛✈❡ 〈ωi, β〉 ≤ 2 ❢♦r ❛❧❧ ♣♦s✐t✐✈❡ r♦♦ts β✳ ❚❤❡ ❢✉♥❞❛♠❡♥t❛❧
❝♦✇❡✐❣❤ts ωi ✇✐t❤ i 6= n ❛r❡ ♥♦t ♠✐♥✉s❝✉❧❡✱ s♦ t❤❡r❡ ❡①✐sts ❛t ❧❡❛st ♦♥❡ ♣♦s✲
✐t✐✈❡ r♦♦t β ✇✐t❤ 〈ωi, β〉 = 2✳ ❍❡♥❝❡✱ δωi = (o ⊂ E0 ⊃ V ⊂ E1 ⊃ ωi) ✇❤❡r❡
E0 = Eωi = {tωi | t ∈
[
0, 12
]
}✱ V = Vωi =
1
2ωi ❛♥❞ E1 = {tωi | t ∈
[
1
2 , 1
]
}✳
❚❤❡ ❝♦♠❜✐♥❛t♦r✐❛❧ ♦♥❡✲s❦❡❧❡t♦♥ ❣❛❧❧❡r✐❡s ♦❢ t②♣❡ ωn ❛r❡ (o ⊂ τ(Eωn) ⊃ τ(ωn))
✇✐t❤ τ ∈W ✳ ❋♦r ❛ ♥♦♥✲♠✐♥✉s❝✉❧❡ ❢✉♥❞❛♠❡♥t❛❧ ❝♦✇❡✐❣❤t ωi t❤❡ ❢✉♥❞❛♠❡♥t❛❧
♦♥❡✲s❦❡❧❡t♦♥ ❣❛❧❧❡r✐❡s ♦❢ t②♣❡ ωi ❛r❡ (o ⊂ τ(E0) ⊃
τ(ωi)
2 ⊂ τσ(E0)+
1
2τ(ωi) ⊃
τ(ωi)+τσ(ωi)
2 ) ✇❤❡r❡ τ ∈ W ❛♥❞ σ ∈ W
a
V ✳ ▲❡t λ =
∑n
i=1 aiωi ❜❡ ❛ ❞♦♠✐✲
♥❛♥t ❝♦✇❡✐❣❤t✳ ❘❡❝❛❧❧ t❤❛t δλ ❞❡♥♦t❡s t❤❡ ❝♦♠❜✐♥❛t♦r✐❛❧ ♦♥❡✲s❦❡❧❡t♦♥ ❣❛❧❧❡r②
δλ = δa1ω1 ∗ · · · ∗ δanωn ✳ ■♥ t❤✐s s❡❝t✐♦♥ ✇❡ r❡str✐❝t ♦✉rs❡❧✈❡s t♦ ♦♥❡✲s❦❡❧❡t♦♥
❣❛❧❧❡r✐❡s δ = δw0(Eωi0 )
∗ · · · ∗ δwr(Eωir )
✇✐t❤ i0 ≤ · · · ≤ ir✳ ❈♦♥s✐❞❡r t❤❡ ❛❝t✐♦♥
♦❢ t❤❡ ❲❡②❧ ❣r♦✉♣ W ♦♥ t❤❡ ❝♦✇❡✐❣❤ts Xˇ✿ ▲❡t λ ❜❡ ❛ ❝♦✇❡✐❣❤t ❣✐✈❡♥ ✐♥ t❤❡
❜❛s✐s {ǫ1, . . . , ǫn}✳ ❆♣♣❧②✐♥❣ t❤❡ s✐♠♣❧❡ r❡✢❡❝t✐♦♥ si ❢♦r i = 1, . . . , n − 1 t♦
λ ✐♥t❡r❝❤❛♥❣❡s t❤❡ ❝♦❡✣❝✐❡♥t ♦❢ ǫi ❛♥❞ t❤❡ ❝♦❡✣❝✐❡♥t ♦❢ ǫi+1 ❛♥❞ ✜①❡s ❛❧❧
♦t❤❡r ❝♦❡✣❝✐❡♥ts✳ ❆♣♣❧②✐♥❣ t❤❡ s✐♠♣❧❡ r❡✢❡❝t✐♦♥ sn ❝❤❛♥❣❡s t❤❡ s✐❣♥ ♦❢ t❤❡
❝♦❡✣❝✐❡♥t ♦❢ ǫn ❛♥❞ ✜①❡s ❛❧❧ ♦t❤❡r ❝♦❡✣❝✐❡♥ts✳
❲❡ ❛❧s♦ ♥❡❡❞ t♦ t❛❦❡ ❛ ❝❧♦s❡r ❧♦♦❦ ❛t t❤❡ ❲❡②❧ ❣r♦✉♣ W vV ❢♦r s♦♠❡ ✈❡r✲
t❡① V ✐♥ A✳ ■t ✐s s✉✣❝✐❡♥t t♦ ✐♥✈❡st✐❣❛t❡ t❤❡ ❲❡②❧ ❣r♦✉♣ W vV ✇❤❡r❡ V =
1
2(ǫi1 + · · ·+ ǫil) ✇❤❡r❡ i1 < · · · < il ❛♥❞ l < n ❛♥❞ ✇❤❡r❡ V = Vωn s✐♥❝❡ ✇❡
♦❜t❛✐♥ ❛❧❧ ♦t❤❡r ✈❡rt✐❝❡s ✐♥ A ❜② tr❛♥s❧❛t✐♥❣ t❤❡s❡ ✈❡rt✐❝❡s ❛t ❝♦✇❡✐❣❤ts✳ ❋♦r
❡✈❡r② ✈❡rt❡① V = 12(ǫi1 + · · · + ǫil) ✇❤❡r❡ i1 < · · · < il ❛♥❞ l < n ✐♥ A t❤❡
❢✉♥❞❛♠❡♥t❛❧ ✈❡rt❡① Vωl ✐s ♦❢ t❤❡ s❛♠❡ t②♣❡ ❛s V s✉❝❤ t❤❛t t❤❡ ❲❡②❧ ❣r♦✉♣
W vVωl
❛♥❞ t❤❡ ❲❡②❧ ❣r♦✉♣ W vV ❛r❡ ✐s♦♠♦r♣❤✐❝✳ ▼♦r❡ ♣r❡❝✐s❡❧②✱ t❤❡r❡ ❡①✐sts ❛
✷✷
♠✐♥✐♠❛❧ ❡❧❡♠❡♥t σ ∈ 〈s1, . . . , sn−1〉 ∼= S
n s✉❝❤ t❤❛t σ(ωl) =
1
2(ǫi1 + · · ·+ ǫil)✳
▲❡t {β1, . . . , βk} ❜❡ t❤❡ s❡t ♦❢ s✐♠♣❧❡ r♦♦ts ❢♦r φVωl s✉❝❤ t❤❛t C
−
Vωl
✐s t❤❡
❛♥t✐✲❞♦♠✐♥❛♥t ❝❤❛♠❜❡r ♦❢ AVωl ✳ ❚❤❡♥ {σ(α1), . . . , σ(αk)} ✐s t❤❡ s❡t ♦❢ s✐♠✲
♣❧❡ r♦♦ts ❢♦r φV s✉❝❤ t❤❛t C
−
V ✐s t❤❡ ❛♥t✐✲❞♦♠✐♥❛♥t ❝❤❛♠❜❡r ♦❢ AV ✳ ❚❤❡
s✐♠♣❧❡ r❡✢❡❝t✐♦♥s ♦❢ W vσ(Vωl )
❛r❡ sσ(αi) = σsiσ
−1 ❢♦r i ∈ {1, . . . , k}✳ ❇❡❝❛✉s❡
♦❢ t❤✐s ❢❛❝t ✇❡ ❤❛✈❡ ❛ ❜✐❥❡❝t✐♦♥ ❜❡t✇❡❡♥ t❤❡ r♦♦t s②st❡♠ φV ❛♥❞ φVωl ✐♥ t❤❡
❢♦❧❧♦✇✐♥❣ ✇❛②✿ ❲❡ ✐❞❡♥t✐❢② t❤❡ ❧✐♥❡❛r❧② ♦r❞❡r❡❞ s❡t {i1 < · · · < il} ✇✐t❤ t❤❡
❧✐♥❡❛r❧② ♦r❞❡r❡❞ s❡t {1 < · · · < l}✳ ❈♦♥s❡q✉❡♥t❧②✱ t❤❡ ❞❡s❝r✐♣t✐♦♥ ♦❢ t❤❡ ❲❡②❧
❣r♦✉♣ W vV r❡❞✉❝❡s t♦ t❤❡ ❝❛s❡ ✇❤❡r❡ V = Vωl ❢♦r l = 1, . . . , n✿
❋♦r t❤❡ ♠✐♥✉s❝✉❧❡ ❢✉♥❞❛♠❡♥t❛❧ ❝♦✇❡✐❣❤t ωn t❤❡ ✈❡rt❡① Vωn ✐s s♣❡❝✐❛❧ ❛♥❞
W vVωn ❝♦✐♥❝✐❞❡s ✇✐t❤W ✳ ◆♦✇ ❝♦♥s✐❞❡r ❛ ♥♦♥✲♠✐♥✉s❝✉❧❡ ❢✉♥❞❛♠❡♥t❛❧ ❝♦✇❡✐❣❤t
ωi ✇✐t❤ i 6= n✳ ❚❤❡ s❡t ♦❢ s✐♠♣❧❡ ❝♦r♦♦ts s✉❝❤ t❤❛t C
−
Vωi
✐s t❤❡ ❛♥t✐✲
❞♦♠✐♥❛♥t ❝❤❛♠❜❡r ♦❢ t❤❡ st❛♥❞❛r❞ ❛♣❛rt♠❡♥t ♦❢ t❤❡ r❡s✐❞✉❡ ❜✉✐❧❞✐♥❣ ❛t
Vωi ✐s {αi0ˇ = ǫi, α1ˇ, . . . , αi−1ˇ, αi+1ˇ, . . . , αnˇ}. ▲❡t λ ❜❡ ❛ ❝♦✇❡✐❣❤t ❣✐✈❡♥ ✐♥ t❤❡
❜❛s✐s {ǫ1, . . . , ǫn}✳ ❆♣♣❧②✐♥❣ t❤❡ s✐♠♣❧❡ r❡✢❡❝t✐♦♥ si0 = sαi0ˇ t♦ λ ❝❤❛♥❣❡s t❤❡
s✐❣♥ ♦❢ t❤❡ ❝♦❡✣❝✐❡♥t ♦❢ ǫi ❛♥❞ ❞♦❡s ♥♦t ❝❤❛♥❣❡ ❛♥② ♦t❤❡r ❝♦❡✣❝✐❡♥t✳
✹✳✸✳✶✳ ❨♦✉♥❣ t❛❜❧❡❛✉① ♦❢ t②♣❡ Bn✳ ▲❡t λ = a1ω1 + · · ·+ anωn ❜❡ ❛ ❞♦♠✐♥❛♥t
❝♦✇❡✐❣❤t ❛♥❞ ❞❡✜♥❡ p = (p1, . . . , pn) ✇✐t❤ pi = 2ai + · · ·+ 2an−1 + an✳ ▲❡t r
❜❡ t❤❡ s♠❛❧❧❡st ✐♥❞❡① ✇✐t❤ pr+1 = 0✳ ❲❡ ❛ss♦❝✐❛t❡ t♦ λ ❛ ❞✐❛❣r❛♠ ❝♦♥s✐st✐♥❣
♦❢ r ❧❡❢t✲❛❧✐❣♥❡❞ r♦✇s ✇❤❡r❡ t❤❡ it❤ r♦✇ ❝♦♥s✐sts ♦❢ pi ❜♦①❡s ✭❢r♦♠ t♦♣ t♦
❜♦tt♦♠✮✳ ■♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ✇❡ ❞❡♥♦t❡ t❤❡ ❞✐❛❣r❛♠ ❜② dg(λ)✳
❊①❛♠♣❧❡
❋♦r n = 3 ❛♥❞ λ = ω1 + ω2 + ω3 ✇❡ ♦❜t❛✐♥
dg(λ) = .
❆ ❨♦✉♥❣ t❛❜❧❡❛✉ T ♦❢ t②♣❡ Bn ♦❢ s❤❛♣❡ λ ✐s t❤❡ ❞✐❛❣r❛♠ dg(λ) ✇❤❡r❡
❡❛❝❤ ❜♦① ✐s ✜❧❧❡❞ ✇✐t❤ ❛ ❧❡tt❡r ♦❢ t❤❡ ❧✐♥❡❛r❧② ♦r❞❡r❡❞ ❛❧♣❤❛❜❡t {1 < . . . n <
n¯ < · · · < 1¯} s✉❝❤ t❤❛t t❤❡ ❡♥tr✐❡s ❛r❡ str✐❝t❧② ✐♥❝r❡❛s✐♥❣ ✐♥ t❤❡ ❝♦❧✉♠♥s ❛♥❞
t❤❛t ♥❡✈❡r i ❛♥❞ i¯ ❛r❡ ✐♥ t❤❡ s❛♠❡ ❝♦❧✉♠♥✳ ❆❞❞✐t✐♦♥❛❧❧② ✐t ❤♦❧❞s t❤❛t ❢♦r ❡❛❝❤
♣❛✐r ♦❢ ❝♦❧✉♠♥s (C2j−1, C2j) ✇✐t❤ j = 1, . . . , a1+ . . . an−1 ❡✐t❤❡r C2j−1 = C2j
♦r ✇❡ ♦❜t❛✐♥ C2j ❢r♦♠ C2j−1 ❜② ❡①❝❤❛♥❣✐♥❣ s♦♠❡ ❡♥tr✐❡s k ❜② k¯ ❛♥❞ s♦♠❡ l¯
❜② s♦♠❡ l ✇✐t❤ k, l ∈ {1, . . . , n}✳ ❚❤❡ ❝♦✇❡✐❣❤t µ = µ1ǫ1 + . . . µnǫn✱ ✇❤❡r❡
2µi = ♥✉♠❜❡r ♦❢ ❜♦①❡s ✇✐t❤ ❡♥tr② i − ♥✉♠❜❡r ♦❢ ❜♦①❡s ✇✐t❤ ❡♥tr② i¯ ✐s ❝❛❧❧❡❞
t❤❡ ❝♦♥t❡♥t ♦❢ t❤❡ ❨♦✉♥❣ t❛❜❧❡❛✉ T ✳
❊①❛♠♣❧❡
❚❤❡ ❨♦✉♥❣ t❛❜❧❡❛✉
1 1 2¯ 3 3¯
3¯ 2 1¯
2¯
✷✸
❤❛s s❤❛♣❡ λ ❛♥❞ ❝♦♥t❡♥t µ = 12(ǫ1 − ǫ2 − ǫ3)✳
▲❡t T ❜❡ ❛ ❨♦✉♥❣ t❛❜❧❡❛✉ ❛♥❞ Ci ❞❡♥♦t❡s t❤❡ it❤ ❝♦❧✉♠♥ ♦❢ T ❢♦r i ∈
{0, . . . , l} ✭❢r♦♠ ❧❡❢t t♦ r✐❣❤t✮✳ ❲❡ ❝❛❧❧ T ♠✐♥✐♠❛❧ ✐❢ ❛❧❧ ❡♥tr✐❡s ♦❢ Ci ❛❧s♦
❛♣♣❡❛r ✐♥ Ci−1 ❢♦r i ∈ {1, . . . , l}✳
❆ ❨♦✉♥❣ t❛❜❧❡❛✉ T ✐s ❝❛❧❧❡❞ s❡♠✐st❛♥❞❛r❞ ✐❢ t❤❡ ❡♥tr✐❡s ❛r❡ ✇❡❛❦❧② ✐♥✲
❝r❡❛s✐♥❣ ❢r♦♠ ❧❡❢t t♦ r✐❣❤t ✐♥ t❤❡ r♦✇s✳ ▲❡t ❙❙❨❚✭λ, µ✮ ❞❡♥♦t❡ t❤❡ s❡t ♦❢ ❛❧❧
s❡♠✐st❛♥❞❛r❞ ❨♦✉♥❣ t❛❜❧❡❛✉① ✇✐t❤ s❤❛♣❡ λ ❛♥❞ ❝♦♥t❡♥t µ✳
❲❡ ❝❛♥ ✐❞❡♥t✐❢② ♦♥❡✲s❦❡❧❡t♦♥ ❣❛❧❧❡r✐❡s ✐♥ A ✇✐t❤ t②♣❡ λ ❢♦r s♦♠❡ ❞♦♠✐♥❛♥t
❝♦✇❡✐❣❤t λ st❛rt✐♥❣ ❛t t❤❡ ♦r✐❣✐♥ o ✇✐t❤ ❨♦✉♥❣ t❛❜❧❡❛✉① ♦❢ t②♣❡ Bn ♦❢ s❤❛♣❡
λ ❛s ❢♦❧❧♦✇s✿
▲❡t δ = δw0(Eωi0 )
∗ · · · ∗ δwr(Eωir )
❜❡ ❛ ♦♥❡✲s❦❡❧❡t♦♥ ❣❛❧❧❡r② ♦❢ t②♣❡ λ =
1
2(a1ω1 + · · · + an−1ωn−1) + anωn ✇❤❡r❡ ak ✐s t❤❡ ♥✉♠❜❡r ♦❢ ✐♥❞✐❝❡s j s✉❝❤
t❤❛t Eωij = Eωk ✳ ❉❡✜♥❡ ǫ¯i t♦ ❜❡ −ǫi✳ ▲❡t wk(ωik) = ǫk1 + · · · + ǫkj ❢♦r
ik 6= n ❛♥❞ wk(ωik) =
1
2(ǫk1 + · · · + ǫkj ) ❢♦r ik = n✳ ❚❤❡♥ ✇❡ ❛ss♦❝✐❛t❡
t♦ δwk(Eωik )
t❤❡ ❝♦❧✉♠♥ Cr−k ❝♦♥s✐st✐♥❣ ♦❢ j ❜♦①❡s ✜❧❧❡❞ ✇✐t❤ t❤❡ ❧❡tt❡rs
1 ≤ k1 < · · · < kj ≤ 1¯ ✐♥ ✐♥❝r❡❛s✐♥❣ ♦r❞❡r ❢r♦♠ t♦♣ t♦ ❜♦tt♦♠✳ ❚❤❡ ❨♦✉♥❣
t❛❜❧❡❛✉ Tδ = (C0, . . . , Cr) t❤❛t ✇❡ ❛ss♦❝✐❛t❡ t♦ t❤❡ ♦♥❡✲s❦❡❧❡t♦♥ ❣❛❧❧❡r② δ ✐s
t❤❡ t❛❜❧❡❛✉ t❤❛t ✇❡ ♦❜t❛✐♥ ❜② ♣✉tt✐♥❣ t❤❡ ❝♦❧✉♠♥s ♥❡①t t♦ ❡❛❝❤ ♦t❤❡r ❛❧✐❣♥❡❞
❛t t❤❡ t♦♣✳ ❚❤✐s ❨♦✉♥❣ t❛❜❧❡❛✉ T ❤❛s s❤❛♣❡ λ✳
❊①❛♠♣❧❡
❋♦r n = 3 t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❨♦✉♥❣ t❛❜❧❡❛✉ t♦ t❤❡ ❝♦♠❜✐♥❛t♦r✐❛❧ ♦♥❡✲s❦❡❧❡t♦♥
❣❛❧❧❡r② δ = δs3s2s1(Eω1 ) ∗ δs2s1(Eω1 ) ∗ δs1s2s3s2(Eω2 ) ∗ δs2s3s2(Eω2 ) ∗ δEω3 ✐s
Tδ =
1 1 2 3 3¯
2 2¯ 1¯
3
.
❚❤✐s ❛ss✐❣♥♠❡♥t ✐s ❝❧❡❛r❧② ❛ ❜✐❥❡❝t✐♦♥ ❜❡t✇❡❡♥ t❤❡ s❡t ♦❢ ❨♦✉♥❣ t❛❜❧❡❛✉① ♦❢
t②♣❡ Bn ♦❢ s❤❛♣❡ λ ❢♦r s♦♠❡ ❞♦♠✐♥❛♥t ❝♦✇❡✐❣❤t λ ❛♥❞ t❤❡ ❝♦♠❜✐♥❛t♦r✐❛❧
♦♥❡✲s❦❡❧❡t♦♥ ❣❛❧❧❡r✐❡s ♦❢ t②♣❡ Bn ♦❢ t②♣❡ λ st❛rt✐♥❣ ✐♥ t❤❡ ♦r✐❣✐♥ o✳ ❚❤✉s
❢♦r ❛ ❨♦✉♥❣ t❛❜❧❡❛✉ T = (C0, . . . , Cr) ♦❢ s❤❛♣❡ λ✱ t❤❡ ♦♥❡✲s❦❡❧❡t♦♥ ❣❛❧❧❡r②
δT = (o ⊂ E0 ⊃ V1 ⊂ · · · ⊃ Vr+1) ❞❡♥♦t❡s t❤❡ ❛ss♦❝✐❛t❡❞ ❝♦♠❜✐♥❛t♦r✐❛❧
♦♥❡✲s❦❡❧❡t♦♥ ❣❛❧❧❡r② ♦❢ t②♣❡ λ st❛rt✐♥❣ ✐♥ t❤❡ ♦r✐❣✐♥ o ✇❤❡r❡ Er−j ✐s t❤❡ ❡❞❣❡
❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ ❝♦❧✉♠♥ Cj ❢♦r j ∈ {0, . . . , r}✳ ❆ ✷✲st❡♣ ♦♥❡✲s❦❡❧❡t♦♥
❣❛❧❧❡r② (E ⊃ V ⊂ F ) ❜❡❝♦♠❡s ❛ ✷✲❝♦❧✉♠♥ ❨♦✉♥❣ t❛❜❧❡❛✉ ❛t ✈❡rt❡① V ✳
❆s ✐♥ t②♣❡ An ✇❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ st❛t❡♠❡♥t✿
❚❤❡♦r❡♠ ✷✹✳ ❚❤✐s ❛ss✐❣♥♠❡♥t ❞❡✜♥❡s ❛ ❜✐❥❡❝t✐♦♥ ❜❡t✇❡❡♥ t❤❡ s❡t ♦❢ ❛❧❧
♠✐♥✐♠❛❧ ❝♦♠❜✐♥❛t♦r✐❛❧ ♦♥❡✲s❦❡❧❡t♦♥ ❣❛❧❧❡r✐❡s ♦❢ t②♣❡ λ st❛rt✐♥❣ ✐♥ t❤❡ ♦r✐❣✐♥
o ❛♥❞ t❤❡ s❡t ♦❢ ❛❧❧ ♠✐♥✐♠❛❧ ❨♦✉♥❣ t❛❜❧❡❛✉① ♦❢ s❤❛♣❡ λ✳ ❋✉rt❤❡r✱ ✐t ❛❧s♦
❞❡✜♥❡s ❛ ❜✐❥❡❝t✐♦♥ ❜❡t✇❡❡♥ t❤❡ s❡t ♦❢ ❛❧❧ ♣♦s✐t✐✈❡❧② ❢♦❧❞❡❞ ❝♦♠❜✐♥❛t♦r✐❛❧ ♦♥❡✲
s❦❡❧❡t♦♥ ❣❛❧❧❡r✐❡s ♦❢ t②♣❡ λ st❛rt✐♥❣ ✐♥ t❤❡ ♦r✐❣✐♥ o ❛♥❞ s❡♠✐st❛♥❞❛r❞ ❨♦✉♥❣
t❛❜❧❡❛✉① ♦❢ s❤❛♣❡ λ✳
✷✹
Pr♦♦❢✳ ❙❡❡ t②♣❡ An ❢♦r t❤❡ ✜rst ♣❛rt ♦❢ t❤❡ ♣r♦♦❢✳ ❚❤❡ s❡❝♦♥❞ ♣❛rt ❝❛♥ ❜❡
❢♦✉♥❞ ✐♥ ❬●▲✶❪✳ 
◆♦✇ ✇❡ ♥❡❡❞ t♦ tr❛♥s❧❛t❡ t❤❡ ♥♦t✐♦♥ ♦❢ r❡✢❡❝t✐♦♥s ♦♥ ❨♦✉♥❣ t❛❜❧❡❛✉①✳
▲❡t C ❜❡ ❛ ❝♦❧✉♠♥ ♦❢ ❛ ❨♦✉♥❣ t❛❜❧❡❛✉ ♦❢ t②♣❡ Bn ✇✐t❤ ❡♥tr✐❡s {1 ≤ i1 <
· · · < il ≤ 1¯}✳ ▲❡t ω ❜❡ ❛ ❢✉♥❞❛♠❡♥t❛❧ ❝♦✇❡✐❣❤t ❛♥❞ sσ(αk) ∈ W
v
σ(Vω)
❛ s✐♠♣❧❡ r❡✢❡❝t✐♦♥ ✇❤❡r❡ σ ∈ 〈s1, . . . , sn−1〉 ∼= S
n✳ ❚❤❡♥ sσ(αk)(C) ✐s
❞❡✜♥❡❞ t♦ ❜❡ t❤❡ ❝♦❧✉♠♥ ✇✐t❤ ❡♥tr✐❡s {1 ≤ j1 < · · · < jl ≤ 1¯} ✇❤❡r❡
sσ(αk)(ǫi1 + · · ·+ ǫil) = ǫj1 + · · ·+ ǫjl ✳ ▼♦r❡ ♣r❡❝✐s❡❧②✱ ❝♦♥s✐❞❡r σ = id✿ ❆♣✲
♣❧②✐♥❣ sk ❢♦r k ∈ {1, . . . , n−1} ✐♥t❡r❝❤❛♥❣❡s t❤❡ ❡♥tr② k ✇✐t❤ k+1 ❛♥❞ k¯ ✇✐t❤
k + 1✱ sn ✐♥t❡r❝❤❛♥❣❡s t❤❡ ❡♥tr② n ✇✐t❤ n¯ ❛♥❞ si0 ❢♦r i ∈ {1, . . . , n−1} ✐♥t❡r✲
❝❤❛♥❣❡s i ✇✐t❤ i¯✳ ❋♦r σ 6= id ✇❡ ❤❛✈❡✿ ❆♣♣❧②✐♥❣ sσ(αk) ❢♦r k ∈ {1, . . . , n− 1}
✐♥t❡r❝❤❛♥❣❡s t❤❡ ❡♥tr② σ(k) ✇✐t❤ σ(k + 1) ❛♥❞ σ(k) ✇✐t❤ σ(k + 1)✱ sσ(αn)
✐♥t❡r❝❤❛♥❣❡s t❤❡ ❡♥tr② σ(n) ✇✐t❤ σ(n) ❛♥❞ sσ(αi0 ) ❢♦r i ∈ {1, . . . , n − 1} ✐♥✲
t❡r❝❤❛♥❣❡s σ(i) ✇✐t❤ σ(i) ✇❤❡r❡ ✇❡ ✐❞❡♥t✐❢② t❤❡ ❡❧❡♠❡♥ts ♦❢ 〈s1, . . . , sn−1〉 ✐♥
t❤❡ ♥❛t✉r❛❧ ✇❛② ✇✐t❤ t❤❡ ❡❧❡♠❡♥ts ♦❢ t❤❡ s②♠♠❡tr✐❝ ❣r♦✉♣ Sn✳
✹✳✹✳ ❚②♣❡ Cn✳ ▲❡t A ❜❡ t❤❡ st❛♥❞❛r❞ ❛♣❛rt♠❡♥t ♦❢ t❤❡ ❛✣♥❡ ❜✉✐❧❞✐♥❣ ♦❢
t②♣❡ Cn✳ ❚❤❡ s✐♠♣❧❡ ❝♦r♦♦ts ❛r❡ αiˇ = ǫi − ǫi+1 ❢♦r i = 1, . . . , n − 1 ❛♥❞
αnˇ = 2ǫn ✇❤❡r❡ ǫi ✐s t❤❡ it❤ ✉♥✐t ✈❡❝t♦r ♦❢ Zn✳ ❋♦r t❤❡ ❢✉♥❞❛♠❡♥t❛❧ ❝♦✇❡✐❣❤ts
ωi ✇❡ ❝❤♦♦s❡ ❇♦✉r❜❛❦✐ ❡♥✉♠❡r❛t✐♦♥ ✐✳❡✳ ωi = ǫ1+ · · ·+ ǫi ❢♦r i = 1, . . . , n−1
❛♥❞ ωn = ǫ1 + · · · + ǫn ❬❇❪✳ ❚❤❡ ❝♦♠❜✐♥❛t♦r✐❛❧ ♦♥❡✲s❦❡❧❡t♦♥ ❣❛❧❧❡r✐❡s ❛s✲
s♦❝✐❛t❡❞ t♦ t❤❡ ❢✉♥❞❛♠❡♥t❛❧ ❝♦✇❡✐❣❤ts ❛r❡ ❛s ❢♦❧❧♦✇s✿ ❋♦r t❤❡ ♠✐♥✉s❝✉❧❡
❢✉♥❞❛♠❡♥t❛❧ ❝♦✇❡✐❣❤t ω1 ✇❡ ❣❡t δω1 = δEω1 = (o ⊂ Eω1 ⊃ ω1)✳ ❙✐♥❝❡ ✇❡
❛r❡ ✐♥ t②♣❡ Cn ✇❡ ❤❛✈❡ 〈ωi, β〉 ≤ 2 ❢♦r ❛❧❧ ♣♦s✐t✐✈❡ r♦♦ts β✳ ❚❤❡ ❢✉♥❞❛♠❡♥t❛❧
❝♦✇❡✐❣❤ts ωi ✇✐t❤ i 6= 1 ❛r❡ ♥♦t ♠✐♥✉s❝✉❧❡✱ s♦ t❤❡r❡ ❡①✐sts ❛t ❧❡❛st ♦♥❡ ♣♦s✲
✐t✐✈❡ r♦♦t β ✇✐t❤ 〈ωi, β〉 = 2✳ ❍❡♥❝❡✱ δωi = (o ⊂ E0 ⊃ V ⊂ E1 ⊃ ωi) ✇❤❡r❡
E0 = Eωi = {tωn | t ∈
[
0, 12
]
}✱ V = Vωi =
1
2ωi ❛♥❞ E1 = {tωn | t ∈
[
1
2 , 1
]
}✳
❚❤❡ ❝♦♠❜✐♥❛t♦r✐❛❧ ♦♥❡✲s❦❡❧❡t♦♥ ❣❛❧❧❡r✐❡s ♦❢ t②♣❡ ω1 ❛r❡ (o ⊂ τ(Eω1) ⊃ τ(ω1))
✇✐t❤ τ ∈W ✳ ❋♦r ❛ ♥♦♥✲♠✐♥✉s❝✉❧❡ ❢✉♥❞❛♠❡♥t❛❧ ❝♦✇❡✐❣❤t ωi t❤❡ ❝♦♠❜✐♥❛t♦r✐❛❧
♦♥❡✲s❦❡❧❡t♦♥ ❣❛❧❧❡r✐❡s ♦❢ t②♣❡ ωi ❛r❡ (o ⊂ τ(E0) ⊃
τ(ωi)
2 ⊂ τσ(E0)+
1
2τ(ωi) ⊃
τ(ωi)+τσ(ωi)
2 ) ✇❤❡r❡ τ ∈ W ❛♥❞ σ ∈ W
a
V ✳ ▲❡t λ =
∑n
i=1 aiωi ❜❡ ❛ ❞♦♠✐✲
♥❛♥t ❝♦✇❡✐❣❤t✳ ❘❡❝❛❧❧ t❤❛t δλ ❞❡♥♦t❡s t❤❡ ❝♦♠❜✐♥❛t♦r✐❛❧ ♦♥❡✲s❦❡❧❡t♦♥ ❣❛❧❧❡r②
δλ = δa1ω1 ∗ · · · ∗ δanωn ✳ ■♥ t❤✐s s❡❝t✐♦♥ ✇❡ r❡str✐❝t ♦✉rs❡❧✈❡s t♦ ♦♥❡✲s❦❡❧❡t♦♥
❣❛❧❧❡r✐❡s δ = δw0(Eωi0 )
∗ · · · ∗ δwr(Eωir )
✇✐t❤ i0 ≤ · · · ≤ ir✳ ❈♦♥s✐❞❡r t❤❡ ❛❝t✐♦♥
♦❢ t❤❡ ❲❡②❧ ❣r♦✉♣ W ♦♥ t❤❡ ❝♦✇❡✐❣❤ts Xˇ✿ ▲❡t λ ❜❡ ❛ ❝♦✇❡✐❣❤t ❣✐✈❡♥ ✐♥ t❤❡
❜❛s✐s {ǫ1, . . . , ǫn}✳ ❆♣♣❧②✐♥❣ t❤❡ s✐♠♣❧❡ r❡✢❡❝t✐♦♥ si ❢♦r i = 1, . . . , n − 1 t♦
λ ✐♥t❡r❝❤❛♥❣❡s t❤❡ ❝♦❡✣❝✐❡♥t ♦❢ ǫi ❛♥❞ t❤❡ ❝♦❡✣❝✐❡♥t ♦❢ ǫi+1 ❛♥❞ ✜①❡s ❛❧❧
♦t❤❡r ❝♦❡✣❝✐❡♥ts✳ ❆♣♣❧②✐♥❣ t❤❡ s✐♠♣❧❡ r❡✢❡❝t✐♦♥ sn ❝❤❛♥❣❡s t❤❡ s✐❣♥ ♦❢ t❤❡
❝♦❡✣❝✐❡♥t ♦❢ ǫn ❛♥❞ ✜①❡s ❛❧❧ ♦t❤❡r ❝♦❡✣❝✐❡♥ts✳
❲❡ ❛❧s♦ ♥❡❡❞ t♦ t❛❦❡ ❛ ❝❧♦s❡r ❧♦♦❦ ❛t t❤❡ ❲❡②❧ ❣r♦✉♣ W vV ❛t ❛ ✈❡rt❡① V
❢♦r s♦♠❡ ✈❡rt❡① V ✐♥ A✳ ■t ✐s s✉✣❝✐❡♥t t♦ ✐♥✈❡st✐❣❛t❡ t❤❡ ❲❡②❧ ❣r♦✉♣
W vV ❛t V ✇❤❡r❡ V =
1
2(ǫi1 + · · · + ǫil) ✇❤❡r❡ i1 < · · · < il ❛♥❞ 1 < l
✷✺
❛♥❞ ✇❤❡r❡ V = Vω1 s✐♥❝❡ ✇❡ ♦❜t❛✐♥ ❛❧❧ ♦t❤❡r ✈❡rt✐❝❡s ✐♥ A ❜② tr❛♥s❧❛t✐♥❣
t❤❡s❡ ✈❡rt✐❝❡s ❛t ❝♦✇❡✐❣❤ts✳ ❋♦r ❡✈❡r② ✈❡rt❡① V = 12(ǫi1 + · · · + ǫil) ✇❤❡r❡
i1 < · · · < il ❛♥❞ 1 < l ✐♥ A t❤❡ ❢✉♥❞❛♠❡♥t❛❧ ✈❡rt❡① Vωl ✐s ♦❢ t❤❡ s❛♠❡ t②♣❡
❛s V s✉❝❤ t❤❛t t❤❡ ❲❡②❧ ❣r♦✉♣ W vVωl
❛♥❞ t❤❡ ❲❡②❧ ❣r♦✉♣ W vV ❛r❡ ✐s♦♠♦r✲
♣❤✐❝✳ ▼♦r❡ ♣r❡❝✐s❡❧②✱ t❤❡r❡ ❡①✐sts ❛ ♠✐♥✐♠❛❧ ❡❧❡♠❡♥t σ ∈ 〈s1, . . . , sn−1〉 ∼= S
n
s✉❝❤ t❤❛t σ(ωl) =
1
2(ǫi1 + · · · + ǫil)✳ ▲❡t {α1, . . . , αk} ❜❡ t❤❡ s❡t ♦❢ s✐♠✲
♣❧❡ r♦♦ts ❢♦r φVωl s✉❝❤ t❤❛t C
−
Vωl
✐s t❤❡ ❛♥t✐✲❞♦♠✐♥❛♥t ❝❤❛♠❜❡r ♦❢ AVωl ✳
❚❤❡♥ {σ(α1), . . . , σ(αk)} ✐s t❤❡ s❡t ♦❢ s✐♠♣❧❡ r♦♦ts ❢♦r φV s✉❝❤ t❤❛t C
−
V ✐s
t❤❡ ❛♥t✐✲❞♦♠✐♥❛♥t ❝❤❛♠❜❡r ♦❢ AV ✳ ❚❤❡ s✐♠♣❧❡ r❡✢❡❝t✐♦♥s ♦❢ Wσ(Vωl ) ❛r❡
sσ(αi) = σsiσ
−1 ❢♦r i ∈ {1, . . . , k}✳ ❇❡❝❛✉s❡ ♦❢ t❤✐s ❢❛❝t ✇❡ ❤❛✈❡ ❛ ❜✐❥❡❝✲
t✐♦♥ ❜❡t✇❡❡♥ t❤❡ r♦♦t s②st❡♠ φV ❛♥❞ φVωl ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ✇❛②✿ ❲❡ ✐❞❡♥✲
t✐❢② t❤❡ ❧✐♥❡❛r❧② ♦r❞❡r❡❞ s❡t {i1 < · · · < il} ✇✐t❤ t❤❡ ❧✐♥❡❛r❧② ♦r❞❡r❡❞ s❡t
{1 < · · · < l}✳ ❈♦♥s❡q✉❡♥t❧②✱ t❤❡ ❞❡s❝r✐♣t✐♦♥ ♦❢ t❤❡ ❲❡②❧ ❣r♦✉♣ W vV r❡❞✉❝❡s
t♦ t❤❡ ❝❛s❡ ✇❤❡r❡ V = Vωl ❢♦r l = 1, . . . , n✿
❋♦r t❤❡ ♠✐♥✉s❝✉❧❡ ❢✉♥❞❛♠❡♥t❛❧ ❝♦✇❡✐❣❤t ω1 t❤❡ ✈❡rt❡① Vω1 ✐s s♣❡❝✐❛❧ s♦
W ❛♥❞ W vVω1
❛r❡ t❤❡ s❛♠❡✳ ◆♦✇ ❝♦♥s✐❞❡r ❛ ♥♦♥✲♠✐♥✉s❝✉❧❡ ❢✉♥❞❛♠❡♥t❛❧
❝♦✇❡✐❣❤t ωi ✇✐t❤ i 6= 1✳ ❚❤❡ s❡t ♦❢ s✐♠♣❧❡ ❝♦r♦♦ts s✉❝❤ t❤❛t C
−
Vωi
✐s t❤❡
❛♥t✐✲❞♦♠✐♥❛♥t ❝❤❛♠❜❡r ♦❢ t❤❡ st❛♥❞❛r❞ ❛♣❛rt♠❡♥t ♦❢ t❤❡ r❡s✐❞✉❡ ❜✉✐❧❞✐♥❣
❛t Vωi ✐s {αi0ˇ = ǫi−1 + ǫi, α1ˇ, . . . , αi−1ˇ, αi+1ˇ, . . . , αnˇ}. ▲❡t λ ❜❡ ❛ ❝♦✇❡✐❣❤t
❣✐✈❡♥ ✐♥ t❤❡ ❜❛s✐s {ǫ1, . . . , ǫn}✳ ❆♣♣❧②✐♥❣ t❤❡ s✐♠♣❧❡ r❡✢❡❝t✐♦♥ si0 = sαi0ˇ t♦
λ ✐♥t❡r❝❤❛♥❣❡s t❤❡ ❝♦❡✣❝✐❡♥t ♦❢ ǫi−1 ✇✐t❤ t❤❡ ❝♦❡✣❝✐❡♥t ♦❢ ǫi ❛♥❞ t❤❡ s✐❣♥
❛♥❞ ❞♦❡s ♥♦t ❝❤❛♥❣❡ ❛♥② ♦t❤❡r ❝♦❡✣❝✐❡♥t✳
✹✳✹✳✶✳ ❨♦✉♥❣ t❛❜❧❡❛✉① ♦❢ t②♣❡ Cn✳ ▲❡t λ = a1ω1 + · · ·+ anωn ❜❡ ❛ ❞♦♠✐♥❛♥t
❝♦✇❡✐❣❤t ❛♥❞ ❞❡✜♥❡ p = (p1, . . . , pn) ✇✐t❤ p1 = a1 +
∑n
j=2 2aj ❛♥❞ ❢♦r i ≥ 2
✇✐t❤ pi = 2ai + · · · + 2an✳ ▲❡t r ❜❡ t❤❡ s♠❛❧❧❡st ✐♥❞❡① ✇✐t❤ pr+1 = 0✳ ❲❡
❛ss♦❝✐❛t❡ t♦ λ ❛ ❞✐❛❣r❛♠ ❝♦♥s✐st✐♥❣ ♦❢ r ❧❡❢t✲❛❧✐❣♥❡❞ r♦✇s ✇❤❡r❡ t❤❡ it❤ r♦✇
❝♦♥s✐sts ♦❢ pi ❜♦①❡s ✭❢r♦♠ t♦♣ t♦ ❜♦tt♦♠✮✳ ■♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ✇❡ ❞❡♥♦t❡ t❤❡
❞✐❛❣r❛♠ ❜② dg(λ)✳
❊①❛♠♣❧❡
❋♦r n = 3 ❛♥❞ λ = ω1 + ω2 + ω3 ✇❡ ♦❜t❛✐♥
dg(λ) = .
❆ ❨♦✉♥❣ t❛❜❧❡❛✉ T ♦❢ t②♣❡ Cn ♦❢ s❤❛♣❡ λ ✐s t❤❡ ❞✐❛❣r❛♠ dg(λ) ✇❤❡r❡
❡❛❝❤ ❜♦① ✐s ✜❧❧❡❞ ✇✐t❤ ❛ ❧❡tt❡r ♦❢ t❤❡ ❧✐♥❡❛r❧② ♦r❞❡r❡❞ ❛❧♣❤❛❜❡t {1 < . . . n <
n¯ < · · · < 1¯} s✉❝❤ t❤❛t t❤❡ ❡♥tr✐❡s ❛r❡ str✐❝t❧② ✐♥❝r❡❛s✐♥❣ ✐♥ t❤❡ ❝♦❧✉♠♥s ❛♥❞
t❤❛t ♥❡✈❡r i ❛♥❞ i¯ ❛r❡ ✐♥ t❤❡ s❛♠❡ ❝♦❧✉♠♥✳ ❆❞❞✐t✐♦♥❛❧❧② ✐t ❤♦❧❞s t❤❛t ❢♦r
❡❛❝❤ ♣❛✐r ♦❢ ❝♦❧✉♠♥s (Ca1+2j−1, Ca1+2j) ✇✐t❤ j = 1, . . . , a2 + . . . an ❡✐t❤❡r
Ca1+2j−1 = Ca1+2j ♦r ✇❡ ♦❜t❛✐♥ Ca1+2j ❢r♦♠ Ca1+2j−1 ❜② ❡①❝❤❛♥❣✐♥❣ ❢♦r
❛♥ ❡✈❡♥ ♥✉♠❜❡r ♦❢ t✐♠❡s s♦♠❡ ❡♥tr✐❡s k ❜② k¯ ❛♥❞ s♦♠❡ l¯ ❜② s♦♠❡ l ✇✐t❤
k, l ∈ {1, . . . , n}✳ ❚❤❡ ❝♦✇❡✐❣❤t µ = µ1ǫ1 + . . . µnǫn✱ ✇❤❡r❡ 2µi = ♥✉♠❜❡r ♦❢
✷✻
❜♦①❡s ✇✐t❤ ❡♥tr② i − ♥✉♠❜❡r ♦❢ ❜♦①❡s ✇✐t❤ ❡♥tr② i¯ + ♥✉♠❜❡r ♦❢ ❜♦①❡s ✇✐t❤
❡♥tr② i ✐♥ ❛ ❝♦❧✉♠♥ ✇✐t❤ ❛ s✐♥❣❧❡ ❜♦① − ♥✉♠❜❡r ♦❢ ❜♦①❡s ✇✐t❤ ❡♥tr② i¯ ✐♥ ❛
❝♦❧✉♠♥ ✇✐t❤ ❛ s✐♥❣❧❡ ❜♦①✱ ✐s ❝❛❧❧❡❞ t❤❡ ❝♦♥t❡♥t ♦❢ t❤❡ ❨♦✉♥❣ t❛❜❧❡❛✉ T ✳
❊①❛♠♣❧❡
❚❤❡ ❨♦✉♥❣ t❛❜❧❡❛✉
1 2 2 3¯ 1
2 3¯ 3 2¯
3 1¯
❤❛s s❤❛♣❡ λ ❛♥❞ ❝♦♥t❡♥t µ = ǫ1 + ǫ2✳
▲❡t T ❜❡ ❛ ❨♦✉♥❣ t❛❜❧❡❛✉ ❛♥❞ Ci ❞❡♥♦t❡s t❤❡ it❤ ❝♦❧✉♠♥ ♦❢ T ❢♦r i ∈
{0, . . . , l} ✭❢r♦♠ ❧❡❢t t♦ r✐❣❤t✮✳ ❲❡ ❝❛❧❧ T ♠✐♥✐♠❛❧ ✐❢ ❛❧❧ ❡♥tr✐❡s ♦❢ Ci ❛❧s♦
❛♣♣❡❛r ✐♥ Ci−1 ❢♦r i ∈ {1, . . . , l}✳
❆ ❨♦✉♥❣ t❛❜❧❡❛✉ T ✐s ❝❛❧❧❡❞ s❡♠✐st❛♥❞❛r❞ ✐❢ t❤❡ ❡♥tr✐❡s ❛r❡ ✇❡❛❦❧② ✐♥✲
❝r❡❛s✐♥❣ ❢r♦♠ ❧❡❢t t♦ r✐❣❤t ✐♥ t❤❡ r♦✇s✳ ▲❡t ❙❙❨❚✭λ, µ✮ ❞❡♥♦t❡ t❤❡ s❡t ♦❢ ❛❧❧
s❡♠✐st❛♥❞❛r❞ ❨♦✉♥❣ t❛❜❧❡❛✉① ✇✐t❤ s❤❛♣❡ λ ❛♥❞ ❝♦♥t❡♥t µ✳
❲❡ ❝❛♥ ✐❞❡♥t✐❢② ♦♥❡✲s❦❡❧❡t♦♥ ❣❛❧❧❡r✐❡s ♦❢ t②♣❡ λ ❢♦r s♦♠❡ ❞♦♠✐♥❛♥t ❝♦✇❡✐❣❤t
λ ✐♥ A ✇✐t❤ ❨♦✉♥❣ t❛❜❧❡❛✉① ♦❢ t②♣❡ Cn ♦❢ s❤❛♣❡ λ ❛s ❢♦❧❧♦✇s✿
▲❡t δ = δw0(Eωi0 )
∗ · · · ∗ δwr(Eωir )
❜❡ ❛ ♦♥❡✲s❦❡❧❡t♦♥ ❣❛❧❧❡r② ♦❢ t②♣❡ λ =
a1 +
1
2(a2ω1 + · · · + an−1ωn) ✇❤❡r❡ ak ✐s t❤❡ ♥✉♠❜❡r ♦❢ ✐♥❞✐❝❡s j s✉❝❤ t❤❛t
Eωij = Eωk ✳ ❉❡✜♥❡ ǫ¯i t♦ ❜❡ −ǫi✳ ▲❡t wk(ωik) = ǫk1 + · · ·+ ǫkj ❢♦r ik 6= n ❛♥❞
wk(ωik) = ǫk1+· · ·+ǫkj ❢♦r ik = n✳ ❚❤❡♥ ✇❡ ❛ss♦❝✐❛t❡ t♦ δwk(Eωik )
t❤❡ ❝♦❧✉♠♥
Cr−k ❝♦♥s✐st✐♥❣ ♦❢ j ❜♦①❡s ✜❧❧❡❞ ✇✐t❤ t❤❡ ❧❡tt❡rs 1 ≤ k1 < · · · < kj ≤ 1¯ ✐♥
✐♥❝r❡❛s✐♥❣ ♦r❞❡r ❢r♦♠ t♦♣ t♦ ❜♦tt♦♠✳ ❚❤❡ ❨♦✉♥❣ t❛❜❧❡❛✉ Tδ = (C0, . . . , Cr)
t❤❛t ✇❡ ❛ss♦❝✐❛t❡ t♦ t❤❡ ♦♥❡✲s❦❡❧❡t♦♥ ❣❛❧❧❡r② δ ✐s t❤❡ t❛❜❧❡❛✉ t❤❛t ✇❡ ♦❜t❛✐♥
❜② ♣✉tt✐♥❣ t❤❡ ❝♦❧✉♠♥s ♥❡①t t♦ ❡❛❝❤ ♦t❤❡r ❛❧✐❣♥❡❞ ❛t t❤❡ t♦♣✳ ❚❤✐s ❨♦✉♥❣
t❛❜❧❡❛✉ ❤❛s s❤❛♣❡ λ✳
❊①❛♠♣❧❡
❋♦r n = 3 t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❨♦✉♥❣ t❛❜❧❡❛✉ t♦ t❤❡ ♦♥❡✲s❦❡❧❡t♦♥ ❣❛❧❧❡r②
δ = δs1s2s3s2s1(Eω1 ) ∗ δs2s3s1s2(Eω2 ) ∗ δs3s1s2(Eω2 ) ∗ δs3s2s3(Eω3 ) ∗ δEω3 ✐s
Tδ =
1 1 2 3 1¯
2 3¯ 3¯ 2¯
3 2¯
.
❚❤✐s ❛ss✐❣♥♠❡♥t ✐s ❝❧❡❛r❧② ❛ ❜✐❥❡❝t✐♦♥ ❜❡t✇❡❡♥ t❤❡ s❡t ♦❢ ❨♦✉♥❣ t❛❜❧❡❛✉① ♦❢
t②♣❡ Cn ❛♥❞ s❤❛♣❡ λ ❢♦r s♦♠❡ ❞♦♠✐♥❛♥t ❝♦✇❡✐❣❤t λ ❛♥❞ t❤❡ ❝♦♠❜✐♥❛t♦r✐❛❧
♦♥❡✲s❦❡❧❡t♦♥ ❣❛❧❧❡r✐❡s ♦❢ t②♣❡ Cn ❛♥❞ t②♣❡ λ st❛rt✐♥❣ ✐♥ t❤❡ ♦r✐❣✐♥ o✳ ❚❤✉s
❢♦r ❛ ❨♦✉♥❣ t❛❜❧❡❛✉ T = (C0, . . . , Cr) ♦❢ s❤❛♣❡ λ✱ t❤❡ ♦♥❡✲s❦❡❧❡t♦♥ ❣❛❧❧❡r②
δT = (o ⊂ E0 ⊃ V1 ⊂ · · · ⊃ Vr+1)) ❞❡♥♦t❡s t❤❡ ❛ss♦❝✐❛t❡❞ ❝♦♠❜✐♥❛t♦r✐❛❧
♦♥❡✲s❦❡❧❡t♦♥ ❣❛❧❧❡r② ♦❢ t②♣❡ λ st❛rt✐♥❣ ✐♥ t❤❡ ♦r✐❣✐♥ o ✇❤❡r❡ Er−j ✐s t❤❡ ❡❞❣❡
❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ ❝♦❧✉♠♥ Cj ❢♦r j ∈ {0, . . . , r}✳ ❆ ✷✲st❡♣ ♦♥❡✲s❦❡❧❡t♦♥
❣❛❧❧❡r② (E ⊃ V ⊂ F ) ❜❡❝♦♠❡s ❛ ✷✲❝♦❧✉♠♥ ❨♦✉♥❣ t❛❜❧❡❛✉ ❛t ✈❡rt❡① V ✳
❆s ✐♥ t②♣❡ An ✇❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ st❛t❡♠❡♥t✿
✷✼
❚❤❡♦r❡♠ ✷✺✳ ❚❤✐s ❛ss✐❣♥♠❡♥t ❞❡✜♥❡s ❛ ❜✐❥❡❝t✐♦♥ ❜❡t✇❡❡♥ t❤❡ s❡t ♦❢ ❛❧❧
♠✐♥✐♠❛❧ ❝♦♠❜✐♥❛t♦r✐❛❧ ♦♥❡✲s❦❡❧❡t♦♥ ❣❛❧❧❡r✐❡s ♦❢ t②♣❡ λ st❛rt✐♥❣ ✐♥ t❤❡ ♦r✐❣✐♥
o ❛♥❞ t❤❡ s❡t ♦❢ ❛❧❧ ♠✐♥✐♠❛❧ ❨♦✉♥❣ t❛❜❧❡❛✉① ♦❢ s❤❛♣❡ λ✳ ❋✉rt❤❡r✱ ✐t ❛❧s♦
❞❡✜♥❡s ❛ ❜✐❥❡❝t✐♦♥ ❜❡t✇❡❡♥ t❤❡ s❡t ♦❢ ❛❧❧ ♣♦s✐t✐✈❡❧② ❢♦❧❞❡❞ ❝♦♠❜✐♥❛t♦r✐❛❧ ♦♥❡✲
s❦❡❧❡t♦♥ ❣❛❧❧❡r✐❡s ♦❢ t②♣❡ λ st❛rt✐♥❣ ✐♥ t❤❡ ♦r✐❣✐♥ o ❛♥❞ s❡♠✐st❛♥❞❛r❞ ❨♦✉♥❣
t❛❜❧❡❛✉① ♦❢ s❤❛♣❡ λ✳
Pr♦♦❢✳ ❙❡❡ t②♣❡ An ❢♦r t❤❡ ✜rst ♣❛rt ♦❢ t❤❡ ♣r♦♦❢✳ ❚❤❡ s❡❝♦♥❞ ♣❛rt ❝❛♥ ❜❡
❢♦✉♥❞ ✐♥ ❬●▲✶❪✳ 
◆♦✇ ✇❡ ♥❡❡❞ t♦ tr❛♥s❧❛t❡ t❤❡ ♥♦t✐♦♥ ♦❢ r❡✢❡❝t✐♦♥s ♦♥ ❨♦✉♥❣ t❛❜❧❡❛✉①✳
▲❡t C ❜❡ ❛ ❝♦❧✉♠♥ ♦❢ ❛ ❨♦✉♥❣ t❛❜❧❡❛✉ ♦❢ t②♣❡ Cn ✇✐t❤ ❡♥tr✐❡s {1 ≤ i1 <
· · · < il ≤ 1¯}✳ ▲❡t ω ❜❡ ❛ ❢✉♥❞❛♠❡♥t❛❧ ❝♦✇❡✐❣❤t ❛♥❞ sσ(αk) ∈ W
v
σ(Vω)
❛
s✐♠♣❧❡ r❡✢❡❝t✐♦♥ ✇❤❡r❡ σ ∈ 〈s1, . . . , sn−1〉✳ ❚❤❡♥ sσ(αk)(C) ✐s ❞❡✜♥❡❞ t♦
❜❡ t❤❡ ❝♦❧✉♠♥ ✇✐t❤ ❡♥tr✐❡s {1 ≤ j1 < · · · < jl ≤ 1¯} ✇❤❡r❡ sσ(αk)(ǫi1 +
· · · + ǫil) = ǫj1 + · · · + ǫjl ✳ ▼♦r❡ ♣r❡❝✐s❡❧②✱ ❝♦♥s✐❞❡r σ = id✿ ❆♣♣❧②✐♥❣
sk ❢♦r k ∈ {1, . . . , n − 1} ✐♥t❡r❝❤❛♥❣❡s t❤❡ ❡♥tr② k ✇✐t❤ k + 1 ❛♥❞ k¯ ✇✐t❤
k + 1✱ sn ✐♥t❡r❝❤❛♥❣❡s t❤❡ ❡♥tr② n ✇✐t❤ n¯ ❛♥❞ si0 ❢♦r i ∈ {1, . . . , n − 1}
✐♥t❡r❝❤❛♥❣❡s i ✇✐t❤ i− 1 ❛♥❞ i − 1 ✇✐t❤ i¯✳ ❋♦r σ 6= id ✇❡ ❤❛✈❡✿ ❆♣♣❧②✐♥❣
sσ(αk) ❢♦r k ∈ {1, . . . , n − 1} ✐♥t❡r❝❤❛♥❣❡s t❤❡ ❡♥tr② σ(k) ✇✐t❤ σ(k + 1) ❛♥❞
σ(k) ✇✐t❤ σ(k + 1)✱ sσ(αn) ✐♥t❡r❝❤❛♥❣❡s t❤❡ ❡♥tr② σ(n) ✇✐t❤ σ(n) ❛♥❞ sσ(αi0 )
❢♦r i ∈ {1, . . . , n− 1} ✐♥t❡r❝❤❛♥❣❡s σ(i) ✇✐t❤ σ(i− 1) ❛♥❞ σ(i− 1) ✇✐t❤ σ(i)
✇❤❡r❡ ✇❡ ✐❞❡♥t✐❢② t❤❡ ❡❧❡♠❡♥ts ✐♥ 〈s1, . . . , sn−1〉 ✐♥ t❤❡ ♥❛t✉r❛❧ ✇❛② ✇✐t❤ t❤❡
❡❧❡♠❡♥ts ♦❢ t❤❡ s②♠♠❡tr✐❝ ❣r♦✉♣ Sn✳
✹✳✺✳ ❈♦♠❜✐♥❛t♦r✐❛❧ ❢♦r♠✉❧❛✳ ❆ ♥❛t✉r❛❧ q✉❡st✐♦♥ ♥♦✇ ✐s ✇❤❡t❤❡r ✐t ✐s ♣♦s✲
s✐❜❧❡ t♦ ❝❛❧❝✉❧❛t❡ t❤❡ ❝♦♥tr✐❜✉t✐♦♥ c(δ) ♦❢ ❛ ♣♦s✐t✐✈❡❧② ❢♦❧❞❡❞ ❝♦♠❜✐♥❛t♦r✐❛❧
♦♥❡✲s❦❡❧❡t♦♥ ❣❛❧❧❡r② δ t♦ t❤❡ ●❛✉ss❡♥t✲▲✐tt❡❧♠❛♥♥ ❢♦r♠✉❧❛ ❢♦r t②♣❡ An✱ Bn
❛♥❞ Cn ♦♥❧② ✇✐t❤ t❤❡ ❛ss♦❝✐❛t❡❞ s❡♠✐st❛♥❞❛r❞ ❨♦✉♥❣ t❛❜❧❡❛✉ Tδ✳ ■t t✉r♥s
♦✉t t❤❛t t❤❡ r❡❝✉rr❡♥❝❡ ✐♥ ❚❤❡♦r❡♠ ✷✶ ❧❡❛❞s t♦ ❛ ✈❡r② s✐♠♣❧❡ ❛❧❣♦r✐t❤♠ ❤♦✇
t♦ ❞♦ t❤✐s✿
■♥ ♦r❞❡r t♦ ❡①♣❧❛✐♥ t❤❡ ❛❧❣♦r✐t❤♠ ✇❡ ✜rst ♥❡❡❞ s♦♠❡ ♠♦r❡ ♥♦t❛t✐♦♥✿
❲❡ s❛② ❛ s✐♠♣❧❡ r❡✢❡❝t✐♦♥ sk ✐♥ W
v
V ❢♦r s♦♠❡ ✈❡rt❡① V ✐♥❝r❡❛s❡s ✭r❡s♣✳
❞❡❝r❡❛s❡s✮ ❛ ❝♦❧✉♠♥ C ✐❢ t❤❡r❡ ✐s ❛t ❧❡❛st ♦♥❡ ❡♥tr② ✐♥ C t❤❛t ✐s ✐♥❝r❡❛s❡❞
✭r❡s♣✳ ❞❡❝r❡❛s❡❞✮ ❜② ❛♣♣❧②✐♥❣ sk✳
▲❡t ♥♦✇ (E ⊃ V ⊂ F ) ❜❡ ❛ ✷✲st❡♣ ♦♥❡✲s❦❡❧❡t♦♥ ❣❛❧❧❡r② ✐♥ A ❛♥❞ T =
(CF , CE) ❜❡ t❤❡ ❛ss♦❝✐❛t❡❞ ✷✲❝♦❧✉♠♥ ❨♦✉♥❣ t❛❜❧❡❛✉ ❛t ✈❡rt❡① V ✳ ❈♦♥s✐❞❡r
(sj(E) ⊃ V ⊂ sj(F )) ❢♦r ❛ s✐♠♣❧❡ r❡✢❡❝t✐♦♥ sj ✐♥ W
a
V ✳ ❲❡ ❞❡♥♦t❡ t❤❡ ❛ss♦✲
❝✐❛t❡❞ ❨♦✉♥❣ t❛❜❧❡❛✉ ❜② sj(T )✳ ❈❧❡❛r❧②✱ sj(T ) = (sj(CF ), sj(CE))✱ ✇❤❡r❡ sj
♦♥ t❤❡ r✐❣❤t ❤❛♥❞ s✐❞❡ ✐s t❤❡ s✐♠♣❧❡ r❡✢❡❝t✐♦♥ ✐♥ W vV ✳ ❲❡ ❝❛♥ ❛❧s♦ ❝♦♥s✐❞❡r
(E ⊃ V ⊂ sj(F ))✳ ❲❡ ❞❡♥♦t❡ t❤❡ ❛ss♦❝✐❛t❡❞ ❨♦✉♥❣ t❛❜❧❡❛✉ ❜② idj(T ) ❛♥❞
❛❣❛✐♥ ✇❡ ❤❛✈❡ idj(T ) = (sj(CF ), CE)✱ ✇❤❡r❡ sj ♦♥ t❤❡ r✐❣❤t ❤❛♥❞ s✐❞❡ ✐s t❤❡
s✐♠♣❧❡ r❡✢❡❝t✐♦♥ ✐♥ W vV ✳
✷✽
▲❡t δ = (o = V0 ⊂ E0 ⊃ · · · ⊃ Vr+1) ❜❡ ❛ ♣♦s✐t✐✈❡❧② ❢♦❧❞❡❞ ❝♦♠❜✐♥❛t♦r✐❛❧
♦♥❡✲s❦❡❧❡t♦♥ ❣❛❧❧❡r② ✇✐t❤ t②♣❡ λ ❛♥❞ t❛r❣❡t µ✳ ❘❡❝❛❧❧ t❤❛t t❤❡ ❝♦♥tr✐❜✉t✐♦♥
♦❢ t❤✐s ❣❛❧❧❡r② t♦ t❤❡ ●❛✉ss❡♥t✲▲✐tt❡❧♠❛♥♥ ❢♦r♠✉❧❛ ❢♦r Lλ,µ ✐s ❛ ♣r♦❞✉❝t ♦❢
❝♦♥tr✐❜✉t✐♦♥s c((Ej−1 ⊃ Vj ⊂ Ej)) ❢♦r j ∈ {1, . . . , r} ❛♥❞ c(E0)✳ ❲❡ ♥♦✇
❡①♣❧❛✐♥ ❤♦✇ t♦ ❝♦♠♣✉t❡ c((Ej−1 ⊃ Vj ⊂ Ej)) ❢♦r j ∈ {1, . . . , r} ✐♥ ❛ ✈❡r②
s✐♠♣❧❡ ✇❛② ✇✐t❤ t❤❡ ❛ss♦❝✐❛t❡❞ ❨♦✉♥❣ t❛❜❧❡❛✉✿
▲❡t t❤❡r❡❢♦r❡ δ = (E ⊃ V ⊂ F ) ❜❡ ❛ ♣♦s✐t✐✈❡❧② ❢♦❧❞❡❞ ✷✲st❡♣ ♦♥❡✲s❦❡❧❡t♦♥
❣❛❧❧❡r②✳ ▲❡t Tδ = (CF , CE) ❜❡ t❤❡ ❛ss♦❝✐❛t❡❞ s❡♠✐st❛♥❞❛r❞ ✷✲❝♦❧✉♠♥ ❨♦✉♥❣
t❛❜❧❡❛✉ ❛t ✈❡rt❡① V ✳
❲❡ ❜✉✐❧❞ ❛ tr❡❡ Gδ ✇❤❡r❡ t❤❡ ✈❡rt✐❝❡s ❛r❡ ✷✲❝♦❧✉♠♥ s❡♠✐st❛♥❞❛r❞ ❨♦✉♥❣
t❛❜❧❡❛✉① ❛♥❞ t❤❡ r♦♦t ✐s Tδ✳ ▲❡t T = (C1, C2) ❜❡ ❛ s❡♠✐st❛♥❞❛r❞ ✷✲❝♦❧✉♠♥
❨♦✉♥❣ t❛❜❧❡❛✉ ❛t ✈❡rt❡① V ✿
❙t❡♣ ✶✿ ❋✐♥❞ ❛ s✐♠♣❧❡ r❡✢❡❝t✐♦♥ sj ∈ W
v
V t❤❛t ✐♥❝r❡❛s❡s C1✳ ■❢ sj(T ) ✐s
st✐❧❧ s❡♠✐st❛♥❞❛r❞ t❤❡♥ sj(T ) ✐s ❛ ✈❡rt❡① ♦❢ t❤❡ tr❡❡ ❝♦♥♥❡❝t❡❞ t♦ t❤❡ ✈❡rt❡①
T ❜② ❛♥ ❡❞❣❡✳ ■❢ sj(T ) ✐s ♥♦t s❡♠✐st❛♥❞❛r❞ t❤❡♥ idj(T ) ✐s s❡♠✐st❛♥❞❛r❞ ❛♥❞
idj(T ) ✐s ❛ ✈❡rt❡① ♦❢ t❤❡ tr❡❡ ❝♦♥♥❡❝t❡❞ t♦ t❤❡ ✈❡rt❡① T ❜② ❛♥ ❡❞❣❡✳
❙t❡♣ ✷✿ ▲❛❜❡❧ t❤❡ ❡❞❣❡ ❝r❡❛t❡❞ ✐♥ t❤❡ ✜rst st❡♣ ❛s ❢♦❧❧♦✇s✿ ■❢ t❤❡ ❡❞❣❡
❝♦♥♥❡❝ts T ❛♥❞ idj(T ) ❧❛❜❡❧ t❤❡ ❡❞❣❡ ✇✐t❤ id
+
j ✳ ■❢ t❤❡ ❡❞❣❡ ❝♦♥♥❡❝ts T ❛♥❞
sj(T ) t❤❡ ❧❛❜❡❧✐♥❣ ❞❡♣❡♥❞s ♦♥ sj(C2)✿
❲❡ ❧❛❜❡❧ t❤❡ ❡❞❣❡ ✇✐t❤
{
s+j , ✐❢ sj ✐♥❝r❡❛s❡s C2 ♦r ✐❢ sj(C2) = C2
s−j , ✐❢ sj ❞❡❝r❡❛s❡s C2.
❙t❡♣ ✸✿ ■❢ ✇❡ ❤❛✈❡ ❧❛❜❡❧❡❞ ❛♥ ❡❞❣❡ ✐♥ t❤❡ s❡❝♦♥❞ st❡♣ ✇✐t❤ s−j t❤❡♥ t❤❡
tr❡❡ ❜r❛♥❝❤❡s ❛t t❤❡ ✈❡rt❡① T ❛s ❢♦❧❧♦✇s✿ idj(T ) ✐s ❛❧s♦ ❛ ✈❡rt❡① ♦❢ t❤❡ tr❡❡
❝♦♥♥❡❝t❡❞ t♦ T ❜② ❛♥ ❡❞❣❡✳ ❚❤✐s ❡❞❣❡ ✐s ❧❛❜❡❧❡❞ ✇✐t❤ id+j ✳
❇✉✐❧❞ t❤❡ tr❡❡ Gδ st❛rt✐♥❣ ❜② ❛♣♣❧②✐♥❣ st❡♣ ✶ t♦ st❡♣ ✸ t♦ t❤❡ ✈❡rt❡① Tδ
❛♥❞ ❣♦ ♦♥ ❜② ❛♣♣❧②✐♥❣ st❡♣ ✶ t♦ st❡♣ ✸ t♦ t❤❡ ♥❡✇ ❝r❡❛t❡❞ ✈❡rt✐❝❡s ✉s✐♥❣ t❤❡
s❛♠❡ s✐♠♣❧❡ r❡✢❡❝t✐♦♥ ✐♥ st❡♣ ✶ ❢♦r ❛❧❧ t❛❜❧❡❛✉① ✇✐t❤ t❤❡ s❛♠❡ ✜rst ❝♦❧✉♠♥
❛♥❞ s♦ ♦♥✳ ❚❤✐s ♣r♦❝❡❞✉r❡ st♦♣s ✇❤❡♥ t❤❡r❡ ✐s ♥♦ s✐♠♣❧❡ r❡✢❡❝t✐♦♥ sj t❤❛t
✐♥❝r❡❛s❡s C1 ♦r ✐♥ ♦t❤❡r ✇♦r❞s ✇❤❡♥ t❤❡ ❡❞❣❡ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ ❝♦❧✉♠♥ C1
✐♥ t❤❡ ❛ss♦❝✐❛t❡❞ ✷✲st❡♣ ♦♥❡✲s❦❡❧❡t♦♥ ❣❛❧❧❡r② δT ✐s ❝♦♥t❛✐♥❡❞ ✐♥ C
−
V ✳ ❲❡ ❝❛❧❧
t❤❡s❡ ✈❡rt✐❝❡s ✜♥❛❧✳ ❲❡ ❞❡♥♦t❡ t❤❡ s✉❜s❡t ♦❢ ❛❧❧ s✐♠♣❧❡ ♣❛t❤s ✐♥ Gδ st❛rt✐♥❣
❛t t❤❡ r♦♦t Tδ ❛♥❞ ❡♥❞✐♥❣ ❛t ❛ ✜♥❛❧ ✈❡rt❡① ❜② Fδ✳
❉❡✜♥✐t✐♦♥ ✷✻✳
c(CF , CE) =
∑
σ∈Fδ
qpr(σ)(q − 1)pf(σ),
✷✾
✇❤❡r❡ pr(σ) ✐s t❤❡ ♥✉♠❜❡r ♦❢ ❡❞❣❡s ✐♥ σ ❧❛❜❡❧❡❞ ✇✐t❤ ❛♥ s+j ❢♦r s♦♠❡ j ❛♥❞
pf(σ) ✐s t❤❡ ♥✉♠❜❡r ♦❢ ❡❞❣❡s ✐♥ σ ❧❛❜❡❧❡❞ ✇✐t❤ ❛♥ id+j ❢♦r s♦♠❡ j✳
Pr♦♣♦s✐t✐♦♥ ✷✼✳
c((E ⊃ V ⊂ F )) = c(CF , CE).
Pr♦♦❢✳ ❈♦♥s✐❞❡r c((E ⊃ V ⊂ F ))✳ ❈❤♦♦s✐♥❣ ❛ r❡❞✉❝❡❞ ❞❡❝♦♠♣♦s✐t✐♦♥
si1 . . . sim ✐♥W
a
V ❢♦r wD ✐s ❡q✉✐✈❛❧❡♥t t♦ ❝❤♦♦s❡ t❤❡ s❡q✉❡♥❝❡ si1 , . . . , sim ✇✐t❤
sij ✐♥❝r❡❛s❡s t❤❡ ❝♦❧✉♠♥ sij−1 . . . si1(CF ) ❢♦r ❡✈❡r② j ∈ {1, . . . ,m} ❛♥❞ t❤❡r❡
❞♦❡s ♥♦t ❡①✐st ❛ s✐♠♣❧❡ r❡✢❡❝t✐♦♥ t❤❛t ✐♥❝r❡❛s❡s t❤❡ ❝♦❧✉♠♥ sim . . . si1(CF )
❢✉rt❤❡r✳ ❋✐① ❛ r❡❞✉❝❡❞ ❞❡❝♦♠♣♦s✐t✐♦♥ sjsi1 . . . sim ❢♦r wD✳ ❲❡ ♥♦✇ ✇❛♥t t♦
❛♣♣❧② t❤❡ r❡❝✉rr❡♥❝❡ ✐♥ ❚❤❡♦r❡♠ ✷✶ ❛♥❞ ▲❡♠♠❛ ✶✼ ❛♥❞ ✶✾✳ ❚❤❡r❡❢♦r❡ ✇❡
♥❡❡❞ t♦ ❝♦♥s✐❞❡r t✇♦ ❝❛s❡s✿
✶✳ ❝❛s❡✿ l(sjwSV ) = l(wSV ) + 1
❲❡ ❦♥♦✇ t❤❛t ❛❧❧ ❣❛❧❧❡r✐❡s ♦❢ ❝❤❛♠❜❡rs ✐♥ Γ+SV ((E ⊃ V ⊂ F ), (j, i1, . . . , im))
♠✉st ❤❛✈❡ ❛ ❝r♦ss✐♥❣ ✐♥ t❤❡ ✜rst st❡♣ ❛♥❞ t❤❛t ✇❡ t❤❡r❡❢♦r❡ ♦❜t❛✐♥ ❛❧❧ ❣❛❧❧❡r✐❡s
♦❢
Γ+SV ((E ⊃ V ⊂ F ), (j, i1, . . . , im))
❜② ❛♣♣❧②✐♥❣ f j1 t♦ t❤❡ ❣❛❧❧❡r✐❡s ♦❢ Γ
+
sj(SV )
((sj(E) ⊃ V ⊂ sj(F )), (i1, . . . , im))✳
❚❤✐s ♠❡❛♥s t❤❛t ✇❡ ❡①t❡♥❞ t❤❡ ❣❛❧❧❡r✐❡s ♦❢ ❝❤❛♠❜❡rs ✐♥ t❤❡ ✜rst st❡♣ ❜② ❛
❝r♦ss✐♥❣ ♦❢ t②♣❡ j✳ ■♥ t❤✐s ❝❛s❡ t❤❡ ❝r♦ss✐♥❣ ✐s ♣♦s✐t✐✈❡ ❛♥❞ ✇✐t❤ ❚❤❡♦r❡♠ ✷✶
❛♥❞ ▲❡♠♠❛ ✶✼ ✐t ❢♦❧❧♦✇s t❤❛t ✇❡ ♦❜t❛✐♥ c((E ⊃ V ⊂ F )) ❜② ♠✉❧t✐♣❧②✐♥❣ ❡✈✲
❡r② ❝♦♥tr✐❜✉t✐♦♥ ♦❢ ❛♥ ❡❧❡♠❡♥t ✐♥ Γ+sj(SV )((sj(E) ⊃ V ⊂ sj(F )), (i1, . . . , im))✱
❛♥❞ t❤❡r❡❢♦r❡ t❤❡ ✇❤♦❧❡ ♣r♦❞✉❝t c((sj(E) ⊃ V ⊂ sj(F )))✱ ❜② q✳
✷✳ ❝❛s❡✿ l(sjwSV ) = l(wSV )− 1
❚❤❡♥ ✇❡ ❦♥♦✇ ❜② ❚❤❡♦r❡♠ ✷✶ t❤❛t ✇❡ ♦❜t❛✐♥ ❛❧❧ ❣❛❧❧❡r✐❡s ✐♥
Γ+SV ((E ⊃ V ⊂ F ), (j, i1, . . . , im))
❜② ❛♣♣❧②✐♥❣ f j1 t♦ ❛❧❧ ❣❛❧❧❡r✐❡s ✐♥ Γ
+
sj(SV )
((sj(E) ⊃ V ⊂ sj(F )), (i1, . . . , im))
❛♥❞ f j2 t♦ ❛❧❧ ❣❛❧❧❡r✐❡s ✐♥ Γ
+
SV
((E ⊃ V ⊂ sj(F )), (i1, . . . , im))✳ ❆♣♣❧②✐♥❣ f
j
1
♠❡❛♥s ❡①t❡♥❞✐♥❣ t❤❡ ❣❛❧❧❡r✐❡s ♦❢ ❝❤❛♠❜❡rs ✐♥ t❤❡ ✜rst st❡♣ ❜② ❛ ❝r♦ss✐♥❣
♦❢ t②♣❡ j✳ ■♥ t❤✐s ❝❛s❡ t❤❡ ❝r♦ss✐♥❣ ✐s ♥❡❣❛t✐✈❡✳ ❆♣♣❧②✐♥❣ f j2 ❡①t❡♥❞s t❤❡
❣❛❧❧❡r✐❡s ❜② ❛ ♣♦s✐t✐✈❡ ❢♦❧❞✐♥❣ ✐♥ t❤❡ ✜rst st❡♣✳ ❍❡♥❝❡✱ ✇✐t❤ ❚❤❡♦r❡♠ ✷✶ ❛♥❞
✇✐t❤ ▲❡♠♠❛ ✶✼ ❛♥❞ ✶✾✱ ✇❡ ♦❜t❛✐♥
c((E ⊃ V ⊂ F )) = c((sj(E) ⊃ V ⊂ sj(F ))) + (q − 1)c((E ⊂ V ⊂ sj(F ))).
■t r❡♠❛✐♥s t♦ ❡①♣❧❛✐♥ ❤♦✇ t♦ ❞❡❝✐❞❡ ✇❤❡t❤❡r ✇❡ ❛r❡ ✐♥ t❤❡ ✜rst ♦r ✐♥ t❤❡ s❡❝♦♥❞
❝❛s❡ ❥✉st ❜② ❝♦♥s✐❞❡r❛t✐♦♥ ♦❢ t❤❡ ❛ss♦❝✐❛t❡❞ ❨♦✉♥❣ t❛❜❧❡❛✉✿ ■❢ sj ✐♥❝r❡❛s❡s
C2 ✇❡ ❛r❡ ❝❧❡❛r❧② ✐♥ t❤❡ ✜rst ❝❛s❡ ❜❡❝❛✉s❡ t❤❡ ❢❛❝❡ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ C2 ❛♥❞
t❤❡r❡❢♦r❡ ❛❧s♦ SV ✐s ♦♥ t❤❡ s❛♠❡ s✐❞❡ ♦❢ t❤❡ ❤②♣❡r♣❧❛♥❡ ❝♦rr❡s♣♦♥❞✐♥❣ t♦
t❤❡ r❡✢❡❝t✐♦♥ sj ❛s C
−
V ✱ ✐❢ sj ❞❡❝r❡❛s❡s C2 ✇❡ ❛r❡ ❝❧❡❛r❧② ✐♥ t❤❡ s❡❝♦♥❞ ❝❛s❡
❜❡❝❛✉s❡ t❤❡ ❢❛❝❡ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ C2 ❛♥❞ t❤❡r❡❢♦r❡ ❛❧s♦ SV ✐s ♦♥ t❤❡ ❞✐✛❡r❡♥t
s✐❞❡ ♦❢ t❤❡ ❤②♣❡r♣❧❛♥❡ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ sj ✐♥❞❡♣❡♥❞❡♥t ♦❢ t❤❡ ❝❤♦✐❝❡ ♦❢ SV ✳ ■❢
sj ❞♦❡s ♥♦t ❝❤❛♥❣❡ t❤❡ ❝♦❧✉♠♥ C2 t❤✐s ♠❡❛♥s t❤❛t t❤❡ ❢❛❝❡ ❝♦rr❡s♣♦♥❞✐♥❣ t♦
C2 ✐s ❝♦♥t❛✐♥❡❞ ✐♥ t❤❡ ❤②♣❡r♣❧❛♥❡ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ sj t❤✉s t❤❡ ❝❛s❡ ✐♥ ✇❤✐❝❤
✸✵
✇❡ ❛r❡ ❞❡♣❡♥❞s ♦♥ ♦✉r ❝❤♦✐❝❡ ♦❢ SV ✳ ❘❡❝❛❧❧ t❤❛t t❤❡ ●❛✉ss❡♥t✲▲✐tt❡❧♠❛♥♥
❢♦r♠✉❧❛ ✐s ✐♥❞❡♣❡♥❞❡♥t ♦❢ t❤❡ ❝❤♦✐❝❡ ♦❢ SV ✳ ❲❡ ❝❤♦♦s❡ SV t♦ ❜❡ ♦♥ t❤❡
s❛♠❡ s✐❞❡ ♦❢ t❤❡ ❤②♣❡r♣❧❛♥❡ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ s✐♠♣❧❡ r❡✢❡❝t✐♦♥ sj ❛s C
−
V ✱
t❤✉s ✇❡ ❛r❡ ✐♥ t❤❡ ✜rst ❝❛s❡✳ ❚❤❡ ❝❧❛✐♠ ❢♦❧❧♦✇s ❜② ✐♥❞✉❝t✐♦♥ ♦✈❡r t❤❡ ❧❡♥❣t❤
l(F )✳ 
❘❡♠❛r❦ ✷✽✳ ✭✶✮ ◆♦t❡ t❤❛t c(CF , CE) ✐s ✐♥❞❡♣❡♥❞❡♥t ♦❢ t❤❡ ❝❤♦✐❝❡ ♦❢ t❤❡
s✐♠♣❧❡ r❡✢❡❝t✐♦♥ sj ✐♥ t❤❡ ✜rst st❡♣ ❜❡❝❛✉s❡ t❤❡ ●❛✉ss❡♥t✲▲✐tt❡❧♠❛♥♥
❢♦r♠✉❧❛ ✐s ✐♥❞❡♣❡♥❞❡♥t ♦❢ t❤❡ ❝❤♦✐❝❡ ♦❢ t❤❡ r❡❞✉❝❡❞ ❡①♣r❡ss✐♦♥ ❢♦r
wD✳
✭✷✮ ❲❡ ✇❛♥t t♦ ♣♦✐♥t ♦✉t t❤❛t t❤❡ s✐♠♣❧❡ ♣❛t❤s ✐♥ t❤❡ tr❡❡ Fδ ❞♦ ♥♦t
❝♦rr❡s♣♦♥❞ t♦ t❤❡ ❣❛❧❧❡r✐❡s ♦❢ ❝❤❛♠❜❡rs ✐♥ t❤❡ ●❛✉ss❡♥t✲▲✐tt❡❧♠❛♥♥
❢♦r♠✉❧❛✳ ❚❤❡ r❡❛s♦♥ ❢♦r t❤✐s ✐s t❤❛t ✇❡ ♠❛❦❡ ❛ ♥❡✇ ❝❤♦✐❝❡ ♦❢ ❝❤❛♠❜❡r
SV ✐♥ ❡✈❡r② st❡♣ ♦❢ t❤❡ ✐♥❞✉❝t✐♦♥✳ ■♥ ❢❛❝t✱ ♥♦t ❦❡❡♣✐♥❣ tr❛❝❦ ♦❢ ✇❤❡r❡
SV ✐s r❡✢❡❝t❡❞ t♦ ♠❛❦❡s ♦✉r ❛❧❣♦r✐t❤♠ ❛s s✐♠♣❧❡ ❛s ✐t ✐s✳
✭✸✮ ■♥ t❤❡ ♣r♦♦❢ ❛❜♦✈❡✱ ✐❢ sj(E) = E✱ ✇❡ ❤❛✈❡ ❝❤♦s❡♥ SV t♦ ❜❡ ♦♥ t❤❡ s❛♠❡
s✐❞❡ ♦❢ t❤❡ ❤②♣❡r♣❧❛♥❡ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ sj ❛s C
−
V ❜❡❝❛✉s❡ ✐t ❝r❡❛t❡s
❛ tr❡❡ ❛s s✐♠♣❧❡ ❛s ♣♦ss✐❜❧❡✳ ▲❡t ✉s ❡①♣❧❛✐♥ t❤✐s ✐♥ ♠♦r❡ ❞❡t❛✐❧✿ ■♥
❡✈❡r② st❡♣ ♦❢ t❤❡ ✐♥❞✉❝t✐♦♥ ♦❢ t❤❡ ♣r♦♦❢ ✇❤❡r❡ t❤❡ s✐♠♣❧❡ r❡✢❡❝t✐♦♥ sj
❞♦❡s ♥♦t ❝❤❛♥❣❡ t❤❡ s❡❝♦♥❞ ❝♦❧✉♠♥ ♦❢ t❤❡ t❛❜❧❡❛✉ T ✇❡ ❝❛♥ ❝❤♦♦s❡
✇❤❡t❤❡r SV ❧✐❡s ♦♥ t❤❡ s❛♠❡ s✐❞❡ ♦❢ t❤❡ ❤②♣❡r♣❧❛♥❡ ❝♦rr❡s♣♦♥❞✐♥❣ t♦
t❤❡ r❡✢❡❝t✐♦♥ sj ❛s C
−
V ❝♦❧✉♠♥ ♦r ♥♦t✳ ■♥ ♦✉r ❝♦♥str✉❝t✐♦♥ ♦❢ t❤❡ tr❡❡
t❤✐s ♠❡❛♥s t❤❛t ✇❡ ❝❛♥ ❞❡❝✐❞❡ ✐❢ ✇❡ ❧❛❜❡❧ t❤❡ ❡❞❣❡ ❝♦♥♥❡❝t✐♥❣ T ❛♥❞
sj(T ) ✇✐t❤ s
+
j ♦r s
−
j ✳ ❙✐♥❝❡ t❤❡ tr❡❡ ❜r❛♥❝❤❡s ❡✈❡r②t✐♠❡ ✇❡ ❝❤♦♦s❡ s
−
j
✇❡ ♦❜t❛✐♥ ❛ tr❡❡ ❛s s✐♠♣❧❡ ❛s ♣♦ss✐❜❧❡ ✐❢ ✇❡ ❝❤♦♦s❡ SV ✐♥ ❡✈❡r② st❡♣ t♦
❜❡ ♦♥ t❤❡ s❛♠❡ s✐❞❡ ♦❢ t❤❡ ❤②♣❡r♣❧❛♥❡ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ r❡✢❡❝t✐♦♥
sj✳
❋♦r t❤❡ s❛❦❡ ♦❢ ❝♦♠♣❧❡t❡♥❡ss ✇❡ ♥♦✇ ❡①♣❧❛✐♥ ❤♦✇ t♦ ❝♦♠♣✉t❡ c(E0) ✇✐t❤
t❤❡ ❛ss♦❝✐❛t❡❞ ❝♦❧✉♠♥ Cr✿ ❆s ❛❧r❡❛❞② ♠❡♥t✐♦♥❡❞ ✐♥ t❤❡ ♣r❡✈✐♦✉s ♣r♦♦❢ t♦
❝❤♦♦s❡ ❛ r❡❞✉❝❡❞ ❡①♣r❡ss✐♦♥ si1 . . . sik ❢♦r t❤❡ ❲❡②❧ ❣r♦✉♣ ❡❧❡♠❡♥t wD0 ∈
W v
o
= W t❤❛t s❡♥❞s C−
o
t♦ t❤❡ ❝❤❛♠❜❡r D0 ♦❢ Ao t❤❛t ❝♦♥t❛✐♥s E0 ❛♥❞
✐s ❝❧♦s❡st t♦ C−
o
✐s ❡q✉✐✈❛❧❡♥t t♦ ❝❤♦♦s✐♥❣ ❛ s❡q✉❡♥❝❡ si1 , . . . , sik ✇✐t❤ sij
✐♥❝r❡❛s❡s t❤❡ ❝♦❧✉♠♥ sij−1 . . . si1(Cr) ❢♦r ❡✈❡r② j ∈ {1, . . . ,m}✳ ❚❤✉s✱
c(E0) = c(Cr) = q
k.
❙✉♠♠✐♥❣ ✉♣ ✇❡ ♦❜t❛✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❢♦r♠✉❧❛✿
❚❤❡♦r❡♠ ✷✾✳ ❈♦♠❜✐♥❛t♦r✐❛❧ ✈❡rs✐♦♥ ♦❢ t❤❡ ●❛✉ss❡♥t✲▲✐tt❡❧♠❛♥♥ ❢♦r♠✉❧❛
▲❡t λ ❛♥❞ µ ❜❡ ❞♦♠✐♥❛♥t ❝♦✇❡✐❣❤ts✳ ❚❤❡♥
Lλ,µ(q) =
∑
T∈SSY T (λ,µ)
c(Cr)
r−1∏
i=0
c(Ci, Ci+1),
❢♦r T = (C0, . . . , Cr) ✇❤❡r❡ c(Cr) ✐s ❛s ❛❜♦✈❡ ❛♥❞ c(Ci, Ci+1) ❛s ✐♥ ❞❡✜♥✐t✐♦♥
✷✻ ❢♦r i ∈ {0, . . . , r − 1}✳
✸✶
❲❡ ❞❡✜♥❡
c(T ) = c(Cr)
r−1∏
i=0
c(Ci, Ci+1).
❘❡♠❛r❦ ✸✵✳ ❋♦r t❤❡ ❛❧❣♦r✐t❤♠ ✐t ✐s ♥♦t r❡q✉✐r❡❞ t♦ ❦♥♦✇ ❡①❛❝t❧② ❛t ✇❤❛t
✈❡rt❡① V t❤❡ ✷✲❝♦❧✉♠♥ ❨♦✉♥❣ t❛❜❧❡❛✉ ✐s✳ ■t ✐s s✉✣❝✐❡♥t t♦ ❦♥♦✇ ❛t ✇❤❛t t②♣❡
♦❢ ✈❡rt❡① ✐t ✐s✿
❙t❛rt✐♥❣ ✇✐t❤ ❛ ❨♦✉♥❣ t❛❜❧❡❛✉ T = (C0, . . . , Cr) ✇❡ ♦♥❧② ♥❡❡❞ t♦ ❝❛❧❝✉❧❛t❡
t❤❡ t②♣❡ ♦❢ t❤❡ ✈❡rt❡① ❛t ✇❤✐❝❤ t❤❡ ✷✲❝♦❧✉♠♥ ❨♦✉♥❣ t❛❜❧❡❛✉ (Ci, Ci+1) ✐s ❢♦r
i ∈ {0, . . . , n− 1}✿
✭✶✮ ■♥ t②♣❡ An✿ ❆❧❧ ✈❡rt✐❝❡s ❛r❡ s♣❡❝✐❛❧ ❛♥❞ t❤❡r❡❢♦r❡ ❢♦r ❛❧❧ ✷✲❝♦❧✉♠♥
❨♦✉♥❣ t❛❜❧❡❛✉ (Ci, Ci+1) ❛t ❛ ✈❡rt❡① V t❤❡ ❲❡②❧ ❣r♦✉♣ W
v
V ✐s W ✳
✭✷✮ ■♥ t②♣❡ Bn✿ ■❢ t❤❡ ❝♦❧✉♠♥s Ci ❛♥❞ Ci+1 ❜♦t❤ ❤❛✈❡ j ❜♦①❡s ✇❤❡r❡ j
✐s str✐❝t② s♠❛❧❧❡r t❤❡♥ n ❛♥❞ r − i ✐s ♦❞❞✱ t❤❡♥ t❤❡ ✷✲❝♦❧✉♠♥ ❨♦✉♥❣
t❛❜❧❡❛✉ (Ci, Ci+1) ✐s ❛t ❛ ✈❡rt❡① V ♦❢ t❤❡ s❛♠❡ t②♣❡ ❛s t❤❡ ❢✉♥❞❛✲
♠❡♥t❛❧ ✈❡rt❡① Vωj ✐♥ ωj✲❞✐r❡❝t✐♦♥✳ ▲❡t {k1, . . . kj−s, l1, . . . , ls} ❜❡ t❤❡
s❡t ♦❢ ❡♥tr✐❡s ♦❢ Ci✳ ▲❡t σ ∈ 〈s1, . . . sn−1〉 ∼= S
n ❜❡ t❤❡ ♣❡r♠✉t❛✲
t✐♦♥ t❤❛t ✐❞❡♥t✐✜❡s t❤❡ ❧✐♥❡❛r❧② ♦r❞❡r❡❞ s❡t {1 < · · · < j} ✇✐t❤ t❤❡
s❡t {k1, . . . , kj−s, l1, . . . , ls} ✐♥ ❛s❝❡♥❞✐♥❣ ♦r❞❡r✳ ❚❤❡♥ t❤❡ ❲❡②❧ ❣r♦✉♣
W vV ✐s W
v
σ(Vωj )
✳ ❘❡❝❛❧❧ t❤❛t t❤❡ s✐♠♣❧❡ r❡✢❡❝t✐♦♥s ♦❢ W vσ(Vωj )
❛r❡
sσ(αm) ✇❤❡r❡ m ∈ {1, . . . j − 1, j0, j + 1, . . . , n}✳ ❆♣♣❧②✐♥❣ sσ(αm) ❢♦r
m ∈ {1, . . . , j − 1, j + 1, . . . , n − 1} t♦ t❤❡ ❝♦❧✉♠♥ Ci ✐♥t❡r❝❤❛♥❣❡s
t❤❡ ❡♥tr② σ(m) ✇✐t❤ σ(m + 1) ❛♥❞ σ(m) ✇✐t❤ σ(m+ 1) ❛♥❞ ❛♣♣❧②✲
✐♥❣ sσ(αn) ✐♥t❡r❝❤❛♥❣❡s σ(n) ❛♥❞ σ(n)✳ ❆♣♣❧②✐♥❣ sσ(αj0 ) ✐♥t❡r❝❤❛♥❣❡s
σ(j)✱ ✇❤✐❝❤ ✐s t❤❡ ❤✐❣❤❡st ❡❧❡♠❡♥t ✐♥ t❤❡ s❡t {k1, . . . , kj−s, l1, . . . , ls}
✇✐t❤ σ(j)✳ ❆❧❧ ♦t❤❡r ✷✲❝♦❧✉♠♥ ❨♦✉♥❣ t❛❜❧❡❛✉① ❛r❡ ❛t ❛ s♣❡❝✐❛❧ ✈❡rt❡①✳
✭✸✮ ■♥ t②♣❡ Cn✿ ■❢ t❤❡ ❝♦❧✉♠♥s Ci ❛♥❞ Ci+1 ❜♦t❤ ❤❛✈❡ j ❜♦①❡s ✇❤❡r❡
j ✐s ❜✐❣❣❡r t❤❡♥ 1 ❛♥❞ i ✐s ❡✈❡♥✱ t❤❡♥ t❤❡ ✷✲❝♦❧✉♠♥ ❨♦✉♥❣ t❛❜❧❡❛✉
(Ci, Ci+1) ✐s ❛t ❛ ✈❡rt❡① V ♦❢ t❤❡ s❛♠❡ t②♣❡ ❛s t❤❡ ❢✉♥❞❛♠❡♥t❛❧ ✈❡rt❡①
Vωj ✐♥ ωj✲❞✐r❡❝t✐♦♥✳ ▲❡t {k1, . . . kj−s, l1, . . . , ls} ❜❡ t❤❡ s❡t ♦❢ ❡♥tr✐❡s ♦❢
Ci✳ ▲❡t σ ∈ 〈s1, . . . , sn−1〉 ∼= S
n ❜❡ t❤❡ ♣❡r♠✉t❛t✐♦♥ t❤❛t ✐❞❡♥t✐✜❡s t❤❡
❧✐♥❡❛r❧② ♦r❞❡r❡❞ s❡t {1 < · · · < j} ✇✐t❤ t❤❡ s❡t {k1, . . . , kj−s, l1, . . . , ls}
✐♥ ❛s❝❡♥❞✐♥❣ ♦r❞❡r✳ ❚❤❡♥ t❤❡ ❲❡②❧ ❣r♦✉♣ W vV ✐s W
v
σ(Vωj )
✳ ❘❡❝❛❧❧ t❤❛t
t❤❡ s✐♠♣❧❡ r❡✢❡❝t✐♦♥s ♦❢ W vσ(Vωj )
❛r❡ sσ(αm) ✇❤❡r❡ m ∈ {1, . . . j −
1, j0, j+1, . . . , n}✳ ❆♣♣❧②✐♥❣ sσ(αm) ❢♦rm ∈ {1, . . . , j−1, j+1, . . . , n−
1} t♦ t❤❡ ❝♦❧✉♠♥ Ci ✐♥t❡r❝❤❛♥❣❡s t❤❡ ❡♥tr② σ(m) ✇✐t❤ σ(m+ 1) ❛♥❞
σ(m) ✇✐t❤ σ(m+ 1) ❛♥❞ ❛♣♣❧②✐♥❣ sσ(αn) ✐♥t❡r❝❤❛♥❣❡s σ(n) ❛♥❞ σ(n)✳
❆♣♣❧②✐♥❣ sσ(αj0 ) ✐♥t❡r❝❤❛♥❣❡s σ(j) ✇❤✐❝❤ ✐s t❤❡ ❤✐❣❤❡st ❡❧❡♠❡♥t ✐♥ t❤❡
s❡t {k1, . . . , kj−s, l1, . . . , ls} ✇✐t❤ σ(j − 1) ❛♥❞ σ(j−1) ✇✐t❤ σ(j)✳ ❆❧❧
♦t❤❡r ✷✲❝♦❧✉♠♥ ❨♦✉♥❣ t❛❜❧❡❛✉① ❛r❡ ❛t ❛ s♣❡❝✐❛❧ ✈❡rt❡①✳
❘❡♠❛r❦ ✸✶✳ ❚❤❡ ❝♦♠❜✐♥❛t♦r✐❛❧ ●❛✉ss❡♥t✲▲✐tt❡❧♠❛♥♥ ❢♦r♠✉❧❛ ✐s r❡❝✉rs✐✈❡❧②
❞❡✜♥❡❞✳ ■t ✐s ❞❡s✐r❛❜❧❡ t♦ ❤❛✈❡ ❛ ❝❧♦s❡❞ ❢♦r♠✉❧❛✳ ■♥ t❤❡ ♥❡①t ❝❤❛♣t❡r ✇❡ ♣r♦✈❡
✸✷
t❤❛t t❤❡ ✇❡❧❧✲❦♥♦✇♥ ▼❛❝❞♦♥❛❧❞ ❢♦r♠✉❧❛ ❢♦r ❍❛❧❧✲▲✐tt❧❡✇♦♦❞ ♣♦❧②♥♦♠✐❛❧s ❢♦r
t②♣❡ An ✐s t❤❡ ❝❧♦s❡❞ ❢♦r♠✉❧❛ ❢♦r ♦✉r ❝♦♠❜✐♥❛t♦r✐❛❧ ●❛✉ss❡♥t✲▲✐tt❡❧♠❛♥♥
❢♦r♠✉❧❛ ❢♦r t②♣❡ An✳ ❋✐♥❞✐♥❣ ❛ ❝❧♦s❡❞ ❢♦r♠✉❧❛ ❢♦r t②♣❡ Bn ❛♥❞ Cn s❡❡♠s
♠✉❝❤ ♠♦r❡ ❝♦♠♣❧✐❝❛t❡❞✳ ❚♦ s❡❡ t❤✐s ❝♦♥s✐❞❡r ❢♦r ❡①❛♠♣❧❡ t❤❡ ❝♦♠❜✐♥❛t♦r✐❛❧
❢♦r♠✉❧❛ ❢♦r t②♣❡ An✿ ❋♦r ❡✈❡r② s✐♠♣❧❡ ♣❛t❤ σ ✐♥ Fδ t❤❡ ♥✉♠❜❡r pf(σ) ✐s t❤❡
s❛♠❡✳ ◆❛♠❡❧②✱ ✐t ✐s t❤❡ ♥✉♠❜❡r ♦❢ ❜♦①❡s ✐♥ Ci+1 s✉❝❤ t❤❛t t❤❡ ❡♥tr② ♦❢ t❤✐s
❜♦① ✐s ♥♦t ❛♥ ❡♥tr② ♦❢ ❛ ❜♦① ✐♥ Ci✳ ❲❡ ❞♦ ♥♦t ❤❛✈❡ t❤✐s ♣r♦♣❡rt② ✐♥ t❤❡ ♦t❤❡r
t✇♦ t②♣❡s✳
✺✳ ▼❛❝❞♦♥❛❧❞ ❢♦r♠✉❧❛
❖✉r ♣♦✐♥t ♦❢ ❞❡♣❛rt✉r❡ ✐♥ t❤✐s s❡❝t✐♦♥ ✐s t❤❡ ▼❛❝❞♦♥❛❧❞ ❢♦r♠✉❧❛ ❛s ✐t ✐s
♣r❡s❡♥t❡❞ ✐♥ ❬▼❛❝✶❪✳ ❚❤✐s ❢♦r♠✉❧❛ ✐s ❛ s✉♠ ♦✈❡r ❛❧❧ s❡♠✐st❛♥❞❛r❞ ❨♦✉♥❣
t❛❜❧❡❛✉① ♦❢ t②♣❡ An ❛♥❞ t❤❡ ❝♦♠♣✉t❛t✐♦♥ ✉s❡s t❤❡ s♦✲❝❛❧❧❡❞ λ✲❝❤❛✐♥ ❛ss♦❝✐✲
❛t❡❞ t♦ ❛ s❡♠✐st❛♥❞❛r❞ ❨♦✉♥❣ t❛❜❧❡❛✉✳ ❋♦r ♦✉r ♣✉r♣♦s❡s ✇❡ ♥❡❡❞ t♦ r❡st❛t❡
✐t ❡①♣❧✐❝✐t❧② ✐♥ t❡r♠s ♦❢ ❨♦✉♥❣ t❛❜❧❡❛✉① ✐✳❡✳ ✐♥ t❡r♠s ♦❢ ❜♦①❡s ❛♥❞ ❡♥tr✐❡s ♦❢
t❤❡s❡ ❜♦①❡s✳
❲❡ ✇♦r❦ ✇✐t❤ ❛ r♦♦t s②t❡♠ ♦❢ t②♣❡ An t❤r♦✉❣❤♦✉t t❤✐s s❡❝t✐♦♥✳ ❋✐rst ✇❡
♥❡❡❞ s♦♠❡ ♠♦r❡ ❞❡✜♥✐t✐♦♥s ❛♥❞ ♥♦t❛t✐♦♥ ❛s ✐♥ ❬▼❛❝✶❪✿
▲❡t λ ∈ Xˇ+ ❜❡ ❛ ❞♦♠✐♥❛♥t ❝♦✇❡✐❣❤t✳ ❈♦♥s✐❞❡r t❤❡ ❞✐❛❣r❛♠ ❞❣✭λ✮✳ ❇②
r❡✢❡❝t✐♥❣ ✐♥ t❤❡ ♠❛✐♥ ❞✐❛❣♦♥❛❧ ✭❢r♦♠ t♦♣✲❧❡❢t t♦ ❜♦tt♦♠✲r✐❣❤t✮ ✇❡ ♦❜t❛✐♥ ❛
♥❡✇ ❞✐❛❣r❛♠✳ ❲❡ r❡❢❡r t♦ t❤❡ ❞♦♠✐♥❛♥t ❝♦✇❡✐❣❤t ♦❢ t❤❡ ♥❡✇ ❞✐❛❣r❛♠ ❛s t❤❡
❝♦♥❥✉❣❛t❡ ♦❢ λ ❛♥❞ ❞❡♥♦t❡ ✐t ❜② λ′✳ ◆♦t❡ t❤❛t λ′i ✐s t❤❡ ♥✉♠❜❡r ♦❢ ❜♦①❡s ✐♥
t❤❡ (i− 1)t❤ ❝♦❧✉♠♥ ♦❢ ❞❣✭λ✮ ✭t❤❡ ✵t❤ ❝♦❧✉♠♥ ✐s ❧❡❢t✮✳ ❉❡✜♥❡
mi(λ) = λ
′
i − λ
′
i+1.
▲❡t λ ❛♥❞ µ ❜❡ ❞♦♠✐♥❛♥t ❝♦✇❡✐❣❤ts ✇✐t❤ λ ⊃ µ ✐✳❡✳ λi ≥ µi ❢♦r ❛❧❧ i✳ ■♥ ♦t❤❡r
✇♦r❞s✱ t❤❡ ❞✐❛❣r❛♠ ❞❣✭λ✮ ❝♦♥t❛✐♥s t❤❡ ✇❤♦❧❡ ❞✐❛❣r❛♠ ❞❣✭µ✮✳ ❚❤❡ s❦❡✇✲
❞✐❛❣r❛♠ ❞❣✭λ−µ✮ ✐s ✇❤❛t ✇❡ ❣❡t ✇❤❡♥ ✇❡ ❝❛♥❝❡❧ ♦✉t ❛❧❧ ❜♦①❡s ✐♥ ❞❣✭λ✮ t❤❛t
❛❧s♦ ❛♣♣❡❛r ✐♥ ❞❣✭µ✮✳ ❚❤❡ ❝♦❡✣❝✐❡♥t λi−µi ✐s ❛❣❛✐♥ t❤❡ ♥✉♠❜❡r ♦❢ ❜♦①❡s ✐♥
t❤❡ it❤ r♦✇ ♦❢ t❤❡ ❞✐❛❣r❛♠ ❞❣✭λ− µ✮ ❛♥❞ λ′i − µ
′
i ✐s t❤❡ ♥✉♠❜❡r ♦❢ ❜♦①❡s ✐♥
t❤❡ it❤ ❝♦❧✉♠♥✳ ▲❡t T ❜❡ ❛ s❡♠✐st❛♥❞❛r❞ ❨♦✉♥❣ t❛❜❧❡❛✉ ♦❢ s❤❛♣❡ λ✳ ❉❡✜♥❡
❞❣✭λ(i)✮ t♦ ❜❡ t❤❡ ❞✐❛❣r❛♠ ❝♦♥s✐st✐♥❣ ♦❢ ❛❧❧ ❜♦①❡s ✐♥ T ✇✐t❤ ❡♥tr✐❡s ≤ i ❢♦r
i ∈ {0, . . . , n + 1} ❛♥❞ ✇❤❡r❡ λ
(i)
j ✐s ❛❣❛✐♥ t❤❡ ♥✉♠❜❡r ♦❢ ❜♦①❡s ✐♥ t❤❡ jt❤
❝♦❧✉♠♥ ♦❢ ❞❣✭λ(i)✮✳ ❲❡ ❣❡t t❤❡ ❢♦❧❧♦✇✐♥❣ ❝❤❛✐♥✿
λ(0) ⊂ · · · ⊂ λ(n+1) = λ.
❲❡ ❛r❡ ♥♦✇ ✐♥ t❤❡ ♣♦s✐t✐♦♥ t♦ st❛t❡ ▼❛❝❞♦♥❛❧❞✬s ❢♦r♠✉❧❛✿
❚❤❡♦r❡♠ ✸✷✳ ❬▼❛❝✶❪ ▼❛❝❞♦♥❛❧❞ ❢♦r♠✉❧❛ ❢♦r ❍❛❧❧✲▲✐tt❧❡✇♦♦❞ ♣♦❧②♥♦♠✐❛❧s ♦❢
t②♣❡ An✳
▲❡t λ ❜❡ ❛ ❞♦♠✐♥❛♥t ❝♦✇❡✐❣❤t ❛♥❞ t = q−1 ❛ ✈❛r✐❛❜❧❡✳ ❚❤❡♥ t❤❡ ❍❛❧❧✲
▲✐tt❧❡✇♦♦❞ ♣♦❧②♥♦♠✐❛❧ Pλ(t) ✐s
Pλ(t) =
∑
µ∈Zn+1
∑
T∈SSY T (λ,µ)
ϕT (t)
bλ(t)
xµ,
✸✸
✇❤❡r❡
bλ(t) =
∏
i≥1
ϕmi(λ)(t),
✇❤❡r❡
ϕk(t) = (1− t)(1− t
2) · · · (1− tk) ❢♦r k ∈ N
❛♥❞
ϕT (t) =
n+1∏
i=1
ϕλ(i)/λ(i−1)(t),
✇❤❡r❡
ϕλ/µ(t) =
∏
j∈I
(1− tmj(µ)),
✇❤❡r❡
I = {j ≥ 1 | (λ− µ)′j > (λ− µ)
′
j+1}.
❘❡♠❛r❦ ✸✸✳ ◆♦t❡ t❤❛t bλ(t) ❞✐✈✐❞❡s ϕT (t)✳ ❆ ❞❡t❛✐❧❡❞ ♣r♦♦❢ ❝❛♥ ❜❡ ❢♦✉♥❞
✐♥ ▼❛❝❞♦♥❛❧❞✬s ❜♦♦❦ ❬▼❛❝✶❪✳
■t t✉r♥s ♦✉t t❤❛t t❤❡ ▼❛❝❞♦♥❛❧❞ ❛♥❞ t❤❡ ❝♦♠❜✐♥❛t♦r✐❛❧ ●❛✉ss❡♥t✲▲✐tt❡❧♠❛♥♥
❢♦r♠✉❧❛ ❢♦r t②♣❡ An ❛r❡ t❤❡ s❛♠❡✳ ❚❤❡ ♠♦st ♥♦t✐❝❡❛❜❧❡ ♣r♦♣❡rt② ♦❢ t❤❡ ❝♦♠✲
❜✐♥❛t♦r✐❛❧ ●❛✉ss❡♥t✲▲✐tt❡❧♠❛♥♥ ❢♦r♠✉❧❛ ✐s t❤❛t ✇❡ ❝❛❧❝✉❧❛t❡ t❤❡ ❝♦♥tr✐❜✉t✐♦♥
♦❢ ❛ ❨♦✉♥❣ t❛❜❧❡❛✉ ❝♦❧✉♠♥✇✐s❡✳ ▼♦r❡ ♣r❡❝✐s❡❧② t❤✐s ♠❡❛♥s✱ t❤❛t ✇❡ ♦❜t❛✐♥
t❤❡ ❝♦♥tr✐❜✉t✐♦♥ ♦❢ ❛ ❨♦✉♥❣ t❛❜❧❡❛✉ T ❛s ❛ ♣r♦❞✉❝t ♦❢ ❝♦♥tr✐❜✉t✐♦♥s ♦❢ ❡✈❡r②
❝♦❧✉♠♥ ♦❢ T ✇❤❡r❡ ❛s t❤❡s❡ ❝♦♥tr✐❜✉t✐♦♥s ♦♥❧② ❞❡♣❡♥❞ ♦♥ t❤❡ ❝♦❧✉♠♥ ✐ts❡❧❢
❛♥❞✱ ✐❢ ❡①✐st✐♥❣✱ ♦♥ t❤❡ ❝♦❧✉♠♥ t♦ t❤❡ r✐❣❤t✳ ■♥ ♦r❞❡r t♦ ♣r♦✈❡ t❤❛t t❤❡ t✇♦
❢♦r♠✉❧❛s ❛r❡ t❤❡ s❛♠❡ t❤❡ ✜rst st❡♣ ✐s t♦ ❡①♣r❡ss t❤❡ ▼❛❝❞♦♥❛❧❞ ❢♦r♠✉❧❛ ✐♥
s✉❝❤ ❛ ✇❛② t❤❛t ✐t ❜❡❝♦♠❡s ❝❧❡❛r ❤♦✇ t♦ ❝❛❧❝✉❧❛t❡ ✐t ❝♦❧✉♠♥✇✐s❡✳ ❚❤❡r❡❢♦r❡
✇❡ ❤❛✈❡ t♦ ❛✈♦✐❞ t❤❡ ✉s❛❣❡ ♦❢ t❤❡ ❛ss♦❝✐❛t❡❞ λ✲❝❤❛✐♥ ✐♥ t❤❡ ♥❡✇ ♣r❡s❡♥t❛t✐♦♥✳
▲❛t❡r ✇❡ s❤♦✇ t❤❛t t❤❡ ❢♦r♠✉❧❛s ❛r❡ t❤❡ s❛♠❡ ❜② s❤♦✇✐♥❣ t❤❛t t❤❡ ❝♦♥tr✐❜✉✲
t✐♦♥ ♦❢ ❡❛❝❤ ❝♦❧✉♠♥ ✐s t❤❡ s❛♠❡✳
❇❡❢♦r❡ ♣r♦❝❡❡❞✐♥❣ ❢✉rt❤❡r ✇❡ ♥❡❡❞ t♦ ❡st❛❜❧✐s❤ s♦♠❡ ♠♦r❡ ♥♦t❛t✐♦♥✿
▲❡t λ = λ1ǫ1 + · · · + λnǫn ❜❡ ❛ ❞♦♠✐♥❛♥t ❝♦✇❡✐❣❤t ❛♥❞ ❧❡t r ❜❡ t❤❡ s♠❛❧❧✲
❡st ✐♥❞❡① s✉❝❤ t❤❛t λr+1 = 0 ❛♥❞ ❧❡t T = (C0, . . . , Ck) ❜❡ ❛ ❨♦✉♥❣ t❛❜❧❡❛✉
♦❢ s❤❛♣❡ λ ✇✐t❤ ❝♦❧✉♠♥s Ci ✇✐t❤ i ∈ {0, . . . , k}✳ ❈♦♥s✐❞❡r t❤❡ ❞✐❛❣r❛♠
❞❣✭
∑r
i=1(λi + 1)ǫi✮✳ ◆♦t❡ t❤❛t t❤✐s ❞✐❛❣r❛♠ ❝♦♥t❛✐♥s T ✳ ❲❡ ♥♦✇ ❞❡✜♥❡ t❤❡
❛✉❣♠❡♥t❡❞ t❛❜❧❡❛✉ Tˆ t♦ ❜❡ t❤❡ ❞✐❛❣r❛♠ ❞❣✭
∑r
i=1(λi+1)ǫi✮ ✇❤❡r❡ ❡✈❡r② ❜♦①
t❤❛t ✐s ❝♦♥t❛✐♥❡❞ ✐♥ T ❛♥❞ ❞❣✭
∑r
i=1(λi + 1)ǫi✮ ❤❛s t❤❡ s❛♠❡ ✜❧❧✐♥❣ ❛s ✐♥ T
❛♥❞ ❛❧❧ ♦t❤❡r ❜♦①❡s ❛r❡ ✜❧❧❡❞ ✇✐t❤ ∞✳ ❲❡ ❡①t❡♥❞ t❤❡ ♦r❞❡r ♦♥ N t♦ ❛♥ ♦r❞❡r
♦♥ t❤❡ s❡t N ∪ {∞} ❜② ❞❡✜♥✐♥❣ i <∞ ❢♦r ❡✈❡r② i ∈ N✳
▲❡t u ❜❡ ❛ ❜♦① ♦❢ Tˆ ✳ ❚❤❡♥ c(u) ❞❡♥♦t❡s t❤❡ ❡♥tr② ♦❢ t❤❡ ❜♦① u ✐♥ Tˆ ✳ ◆♦✇
❧❡t u ❜❡ ❛ ❜♦① ✐♥ t❤❡ it❤ ❝♦❧✉♠♥ ❛♥❞ t❤❡ jt❤ r♦✇ ♦❢ T ✳ ❚❤❡♥ h(u) ❞❡♥♦t❡s
t❤❡ ❤❡❛❞ ♦❢ u ✇❤✐❝❤ ✐s t❤❡ s❡t ♦❢ ❛❧❧ ❜♦①❡s v ✐♥ t❤❡ (i+1)t❤ ❝♦❧✉♠♥ ❛♥❞ kt❤
r♦✇ ❢♦r k ≤ j ✐♥ Tˆ s✉❝❤ t❤❛t c(u) ≤ c(v)✳
✸✹
❊①❛♠♣❧❡
❋♦r T =
1 3 3
2 4 5
3 6
5
t❤❡ ❛✉❣♠❡♥t❡❞ ❨♦✉♥❣ t❛❜❧❡❛✉ ✐s
Tˆ =
1 3 3 ∞
2 4 5 ∞
3 6 ∞
5 ∞
.
▲❡t u ❜❡ t❤❡ ❜♦① ♦❢ T ✐♥ t❤❡ ✹t❤ r♦✇ ✇✐t❤ ❡♥tr② ✺✳ ❚❤❡ ❤❡❛❞ ♦❢ u ❝♦♥s✐sts
♦❢ t❤❡ ❜♦① ✐♥ t❤❡ ✹t❤ r♦✇ ♦❢ Tˆ ✇✐t❤ ❡♥tr② ∞ ❛♥❞ t❤❡ ❜♦① ✐♥ t❤❡ t❤✐r❞ r♦✇ ♦❢
Tˆ ✇✐t❤ ❡♥tr② ✻✳
❯s✐♥❣ t❤✐s ♥❡✇ ❞❡✜♥✐t✐♦♥s ✇❡ ❝❛♥ r❡❢♦r♠✉❧❛t❡ t❤❡ ♦r✐❣✐♥❛❧ ▼❛❝❞♦♥❛❧❞ ❢♦r✲
♠✉❧❛✿
❚❤❡♦r❡♠ ✸✹✳ ✷✳ ✈❡rs✐♦♥ ♦❢ t❤❡ ▼❛❝❞♦♥❛❧❞ ❢♦r♠✉❧❛
▲❡t T ❜❡ ❛ s❡♠✐st❛♥❞❛r❞ ❨♦✉♥❣ t❛❜❧❡❛✉ ♦❢ s❤❛♣❡ λ ❛♥❞ ❝♦♥t❡♥t µ✳ ❚❤❡♥
ϕT (t) =
∏
❜♦① u∈T
∄v∈h(u):c(u)=c(v)
(1− t|h(u)|).
Pr♦♦❢✳ ❲❡ ✇❛♥t t♦ ✇r✐t❡ ϕT (t) ❛s ❛ ♣r♦❞✉❝t ♦✈❡r ❛❧❧ ❜♦①❡s ✐♥ T ✿
ϕT (t) =
∏
u∈T
❝♦♥tr✐❜✉t✐♦♥(u).
❋♦r t❤✐s ♣✉r♣♦s❡ ✇❡ ❛ss✐❣♥ ❡✈❡r② ❢❛❝t♦r (1−tmj(λ
(i))) ♦❢ ϕT (t) t♦ ❡①❛❝t❧② t❤❛t
❜♦① ✐♥ T t❤❛t ✐s ✐♥ t❤❡ jt❤ ❝♦❧✉♠♥ ❛♥❞ ❤❛s t❤❡ ❡♥tr② i✳ ❚❤❡s❡ ❛r❡ ❡①❛❝t❧②
t❤❡ ❜♦①❡s ✐♥ T ✇❤♦s❡ ❡♥tr✐❡s ❞♦ ♥♦t s❤♦✇ ✉♣ ✐♥ t❤❡ ❝♦❧✉♠♥ t♦ t❤❡ r✐❣❤t ❛♥❞
❤❡♥❝❡ ♥♦t ✐♥ t❤❡ ❤❡❛❞ ♦❢ ✐t✳
▲❡t u ✐♥ T ❜❡ ❛ ❜♦① s✉❝❤ t❤❛t c(u) ❞♦❡s ♥♦t ❛♣♣❡❛r ✐♥ t❤❡ ❝♦❧✉♠♥ t♦ t❤❡
r✐❣❤t✳ ❚❤❡♥ mj(λ
(i)) ✐s t❤❡ ♥✉♠❜❡r ♦❢ ❜♦①❡s ✐♥ t❤❡ ❤❡❛❞ ♦❢ u✳ 
▲❡t T = (C0, . . . , Cr) ❜❡ ❛ s❡♠✐st❛♥❞❛r❞ ❨♦✉♥❣ t❛❜❧❡❛✉ ❛♥❞ Ci t❤❡ it❤
❝♦❧✉♠♥ ✇✐t❤ i ∈ {0, . . . , r}.
❉❡✜♥❡
ϕCi(t) =
∏
u∈Ci
∄v∈h(u):c(u)=c(v)
(1− t|h(u)|).
❚❤❡♥
ϕT (t) =
∏
i∈{0,...,r}
ϕCi(t).
✸✺
❈♦♥s✐❞❡r bλ(t) =
∏
i∈{0,...,r} ϕmi+1(λ)(t)✳ ❲❡ ❝❛♥ ❛ss✐❣♥ t❤❡ ❢❛❝t♦r ϕmi+1(λ)(t)
t♦ t❤❡ it❤ ❝♦❧✉♠♥✳ ❲✐t❤ t❤✐s ❧❛st ♦❜s❡r✈❛t✐♦♥ ✐t ❢♦❧❧♦✇s t❤❛t ❛❧s♦ t❤❡ ▼❛❝✲
❞♦♥❛❧❞ ❢♦r♠✉❧❛ ❝❛♥ ❜❡ ❝❛❧❝✉❧❛t❡❞ ❝♦❧✉♠♥✇✐s❡✿
ϕT (t)
bλ(t)
=
∏
i∈{0,...,r} ϕCi(t)∏
i∈{0,...,r} ϕmi+1(λ)(t)
=
∏
i∈{0,...,r}
ϕCi(t)
ϕmi+1(λ)(t)
.
✻✳ ❈♦♠♣❛r✐s♦♥ ♦❢ t❤❡ ❢♦r♠✉❧❛s
▲❡t λ ❛♥❞ µ ❜❡ ❞♦♠✐♥❛♥t ❝♦✇❡✐❣❤ts✳ ❘❡❝❛❧❧ t❤❛t t❤❡ ❝♦❡✣❝✐❡♥t Lλ,µ(q) ✐s
❞❡✜♥❡❞ ❛s
Pλ(x, q) =
∑
µ∈Xˇ+
q−〈λ+µ,ρ〉Lλ,µ(q)mµ(x)
❛♥❞ t❤❛t t❤❡ ❝♦♠❜✐♥❛t♦r✐❛❧ ●❛✉ss❡♥t✲▲✐tt❡❧♠❛♥♥ ❢♦r♠✉❧❛ ❝❛❧❝✉❧❛t❡s Lλ,µ(q)
❛s ❛ s✉♠ ♦✈❡r ❛❧❧ s❡♠✐st❛♥❞❛r❞ ❨♦✉♥❣ t❛❜❧❡❛✉ ♦❢ s❤❛♣❡ λ ❛♥❞ ❝♦♥t❡♥t µ✿
Lλ,µ(q) =
∑
T∈SSY T (λ,µ)
c(T ).
❖♥ t❤❡ ♦t❤❡r s✐❞❡ t❤❡ ▼❛❝❞♦♥❛❧❞ ❢♦r♠✉❧❛ ❝❛❧❝✉❧❛t❡s Pλ(t) ❛s ❢♦❧❧♦✇s✿
Pλ(x, t) =
∑
µ∈X+ˇ
∑
T∈SSY T (λ,µ)
ϕT (t)
bλ(t)
mµ(x).
❚❤✉s ✇❡ ❞❡r✐✈❡
✭✶✮
∑
T∈SSY T (λ,µ)
q−〈λ+µ,ρ〉c(T ) =
∑
T∈SSY T (λ,µ)
ϕT (t)
bλ(t)
.
❆s ✇❡ ❤❛✈❡ s❡❡♥ ✐♥ t❤❡ s❡❝t✐♦♥s ❜❡❢♦r❡ ❝(T )✱ ϕT (t) ❛♥❞ bλ(t) ❝❛♥ ❜❡ ❝❛❧❝✉❧❛t❡❞
❝♦❧✉♠♥✇✐s❡✳ ❈♦♥s✐❞❡r q−〈λ+µ,ρ〉✳ ▲❡t T ❜❡ ✐♥ SSY T (λ, µ) ❛♥❞ Ci t❤❡ it❤
❝♦❧✉♠♥ ♦❢ T ❛♥❞ i ∈ {0, . . . , r}✳ ❊✈❡r② ❝♦❧✉♠♥ Ci ♦♥ ✐ts ♦✇♥ ✐s ❛❣❛✐♥ ❛ s❡♠✐s✲
t❛♥❞❛r❞ ❨♦✉♥❣ t❛❜❧❡❛✉ ✇✐t❤ s❤❛♣❡ λ(i) ❛♥❞ ❝♦♥t❡♥t µ(i) ❛♥❞ λ =
∑
i λ(i) ❛♥❞
µ =
∑
i µ(i) ❤♦❧❞s✳ ❈♦♥s❡q✉❡♥t❧② ✇❡ ❝❛♥ ❛❧s♦ ❝❛❧❝✉❧❛t❡ q
−〈λ+µ,ρ〉 ❝♦❧✉♠♥✇✐s❡✳
❲❡ s❤♦✇ t❤❛t
c(T ) = t−〈λ+µ,ρ〉
ϕT (t)
bλ(t)
✭✷✮
❤♦❧❞s ❢♦r ❡✈❡r② T ∈ SSY T (λ, µ) ❛♥❞ t❤❛t ❡s♣❡❝✐❛❧❧② t❤❡ ❝♦♥tr✐❜✉t✐♦♥ ♦❢ ❡✈❡r②
❝♦❧✉♠♥ ♦❢ t❤❡ ❨♦✉♥❣ t❛❜❧❡❛✉ T ✐s t❤❡ s❛♠❡ ♦♥ ❜♦t❤ s✐❞❡s✿
❚❤❡♦r❡♠ ✸✺✳ ▲❡t T = (C0, . . . , Cr) ❜❡ ❛ s❡♠✐st❛♥❞❛r❞ ❨♦✉♥❣ t❛❜❧❡❛✉ ♦❢
t②♣❡ An ✇✐t❤ s❤❛♣❡ λ ❛♥❞ ❝♦♥t❡♥t µ ❛♥❞ ❧❡t Ci ❜❡ t❤❡ it❤ ❝♦❧✉♠♥ ♦❢ T ❢♦r
i ∈ {0, . . . , r}. ❚❤❡♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❤♦❧❞s✿
c(Ci, Ci+1) = t
−〈λ(i)+µ(i),ρ〉 ϕCi(t)
ϕmi+1(λ)(t)
✸✻
❢♦r i ∈ {0, . . . , r − 1} ❛♥❞
c(Cr) = t
−〈λ(r)+µ(r),ρ〉 ϕCr(t)
ϕmr+1(λ)(t)
.
❲❡ ❦♥♦✇ ❢r♦♠ ❬▼❛❝✶❪ t❤❛t ϕmi+1(λ)(t) ❞✐✈✐❞❡s ϕCi(t)✳ ❆❞❞✐t✐♦♥❛❧❧② ✇❡
❦♥♦✇ t❤❛t
〈
λ(i) + µ(i), ρ
〉
✐s ❜✐❣❣❡r t❤❡♥ t❤❡ ❤✐❣❤❡st ❡①♣♦♥❡♥t ✐♥
ϕCi (t)
ϕmi+1(λ)(t)
✳
❈♦♥s❡q✉❡♥t❧②✱ ✇❡ ♦❜t❛✐♥✿
t−〈λ(i)+µ(i),ρ〉
ϕCi(t)
ϕmi+1(λ)(t)
= t−a(1− t)a1(1− t2)a2 . . .
= t−a+
∑
i iai(t−1 − 1)a1(t−2 − 1)a2 . . .
= qa−
∑
i iai(q − 1)a1(q2 − 1)a2 . . .
= qa−
∑
i iai(q − 1)a1(1 + q)a2(q − 1)a2(1 + q + q2)a3(q − 1)a3 . . .
= qa−
∑
i iai(q − 1)
∑
i ai(1 + q)a2(1 + q + q2)a3 . . .
❢♦r i ∈ {1, . . . , r}✳
❍❡♥❝❡ ❢♦r ❡✈❡r② ❝♦❧✉♠♥ Ci ♦❢ ❛ s❡♠✐st❛♥❞❛r❞ ❨♦✉♥❣ t❛❜❧❡❛✉ t❤❡r❡ ❡①✐st
♥✉♠❜❡rs b, b1, · · · ∈ N s✉❝❤ t❤❛t
t−〈λ(i)+µ(i),ρ〉
ϕCi(t)
ϕmi+1(λ)(t)
= qb(q − 1)
∑
i bi(1 + q)b1(1 + q + q2)b2 . . . .
❚♦ s✐♠♣❧✐❢② t❤❡ ♥♦t❛t✐♦♥ ❞❡✜♥❡
M(Ci, Ci+1) := t
−〈λ(i)+µ(i),ρ〉 ϕCi(t)
ϕmi+1(λ)(t)
❢♦r i 6= r ❛♥❞
M(Cr) := t
−〈λ(r)+µ(r),ρ〉 ϕCr(t)
ϕmr+1(λ)(t)
.
▲✐❦❡ ✐♥ t❤❡ ●❛✉ss❡♥t✲▲✐tt❡❧♠❛♥♥ ❢♦r♠✉❧❛ t❤✐s ♥♦t❛t✐♦♥ s❤❛❧❧ ✉♥❞❡r❧✐♥❡ t❤❛t
t❤❡ ❝♦♥tr✐❜✉t✐♦♥ ♦❢ t❤❡ ❝♦❧✉♠♥s ♦❢ t❤❡ t❛❜❧❡❛✉ t♦ t❤❡ ❢♦r♠✉❧❛ ❞❡♣❡♥❞s ♦♥
t❤❡ ❝♦❧✉♠♥ ✐ts❡❧❢ ❛♥❞✱ ✐❢ ❡①✐st✐♥❣✱ ♦♥ t❤❡ ❝♦❧✉♠♥ t♦ t❤❡ r✐❣❤t✳
❘❡♠❛r❦ ✸✻✳ ✭✶✮ ■♥ t❤❡ ●❛✉ss❡♥t✲▲✐tt❡❧♠❛♥♥ ❢♦r♠✉❧❛ ✐t ✐s ♥♦t ❛t ❛❧❧
♦❜✈✐♦✉s t❤❛t t❤❡ ❝♦♥tr✐❜✉t✐♦♥
c((Ej−1 ⊃ Vj ⊂ Ej)) =
∑
❝∈Γ+
S
j
Vj
(✐j ,op)
qt(❝)(q − 1)r(❝)
✐s ❛❧✇❛②s ❛ ♣r♦❞✉❝t
qb(q − 1)
∑
i bi(1 + q)b1(1 + q + q2)b2 . . .
❢♦r s♦♠❡ b, b1, · · · ∈ N✳
✸✼
✭✷✮ ❆s ❛❧r❡❛❞② ♠❡♥t✐♦♥❡❞ t❤❡ ●❛✉ss❡♥t✲▲✐tt❡❧♠❛♥♥ ❢♦r♠✉❧❛ ✐s ❞❡✈❡❧♦♣❡❞
❜② ❞❡s❝r✐❜✐♥❣ ❛ ❝❡rt❛✐♥ ✐♥t❡rs❡❝t✐♦♥ ✐♥ t❤❡ ❛✣♥❡ ●r❛ss♠❛♥♥✐❛♥ ❛♥❞
❝♦✉♥t✐♥❣ t❤❡ ♣♦✐♥ts ♦✈❡r ❛ ✜♥✐t❡ ✜❡❧❞ Fq✳ ■♥ ❢❛❝t✱ t❤❡ ♣♦❧②♥♦♠✐❛❧
c(Ci, Ci+1) ❝♦✉♥ts t❤❡ ♣♦✐♥ts ♦✈❡r Fq ♦❢ ❛ s✉❜✈❛r✐❡t②Min(Ci, Ci+1) ♦❢
❛ ❣❡♥❡r❛❧✐③❡❞ ●r❛ss♠❛♥♥✐❛♥ H/R✱ ✇❤❡r❡ H ❛♥❞ R ❛r❡ ❞❡t❡r♠✐♥❡❞ ❜②
t❤❡ ♣♦s✐t✐✈❡❧② ❢♦❧❞❡❞ ❝♦♠❜✐♥❛t♦r✐❛❧ ♦♥❡✲s❦❡❧❡t♦♥ ❣❛❧❧❡r② δT ✳ ❋♦r ♠♦r❡
❞❡t❛✐❧s r❡❣❛r❞✐♥❣ t❤❡ ❣❡♦♠❡tr② ❜❡❤✐♥❞ t❤❡ ●❛✉ss❡♥t✲▲✐tt❡❧♠❛♥♥ ❢♦r✲
♠✉❧❛ s❡❡ ❬●▲✶❪✳ ◆♦✇✱ ♦✉r ❚❤❡♦r❡♠ ✸✺ s✉❣❣❡sts t❤❛t Min(Ci, Ci+1)
✐s ✐s♦♠♦r♣❤✐❝ t♦ ❛ ♣r♦❞✉❝t ♦❢ bj t✐♠❡s Pj ❢♦r j ∈ N✱ b t✐♠❡s C ❛♥❞∑
j bj t✐♠❡s C
∗✳
✻✳✶✳ Pr♦♦❢ ♦❢ ❊q✉❛❧✐t②✳ ❚❤✐s s❡❝t✐♦♥ ✐s ❞❡✈♦t❡❞ t♦ ♣r♦✈✐♥❣ t❤❡ ❡q✉❛❧✐t② ♦❢
t❤❡ t✇♦ ❢♦r♠✉❧❛s ❜② s❤♦✇✐♥❣ t❤❛t t❤❡ ❝♦♥tr✐❜✉t✐♦♥ ♦❢ ❡✈❡r② ❝♦❧✉♠♥ ♦❢ t❤❡
s❡♠✐st❛♥❞❛r❞ ❨♦✉♥❣ t❛❜❧❡❛✉ T ∈ SSY T (λ, µ) ✐s t❤❡ s❛♠❡ t♦ ❜♦t❤ ❢♦r♠✉❧❛s✳
Pr♦♦❢✳ ❋✐rst ✇❡ ❝♦♥s✐❞❡r t❤❡ ❧❛st ❝♦❧✉♠♥ Cr ♦❢ T ✇✐t❤ ❝♦♥t❡♥t µ(r) ❛♥❞ s❤❛♣❡
λ(r)✳ ❇❡❝❛✉s❡ Cr ✐s t❤❡ ♦♥❧② s❡♠✐st❛♥❞❛r❞ ❨♦✉♥❣ t❛❜❧❡❛✉ ✇✐t❤ ❝♦♥t❡♥t µ(r)
❛♥❞ s❤❛♣❡ λ(r) t❤❡ ❝♦❡✣❝❡♥t Lµ(r),λ(r) ♦♥❧② ❝♦♥s✐sts ♦❢ ♦♥❡ s✉♠♠❛♥❞ ❝♦♠✐♥❣
❢r♦♠ t❤❡ ❝♦❧✉♠♥ Cr ✐ts❡❧❢✳ ❲✐t❤ ✭✶✮ t❤❡ ❝❧❛✐♠ ❢♦❧❧♦✇s✳
❚❤❡ ♣r♦♦❢ ❢♦r t❤❡ ♦t❤❡r ❝♦❧✉♠♥s ✐s ♠♦r❡ ✐♥tr✐❝❛t❡✿ ▲❡t Ci ❜❡ ❛ ❝♦❧✉♠♥ ♦❢ T
t❤❛t ❤❛s ❛ ❝♦❧✉♠♥ t♦ t❤❡ r✐❣❤t ✐✳❡✳ i 6= r✳ ❆s ♠❡♥t✐♦♥❡❞ ❜❡❢♦r❡ t❤❡ ❝♦♥tr✐❜✉✲
t✐♦♥ ❞❡♣❡♥❞s ♦♥ Ci+1 ♦♥ ❜♦t❤ s✐❞❡s ♦❢ t❤❡ ❡q✉❛t✐♦♥✳ ❚❤✉s ♦✉r st✉❞② ✐♥ t❤✐s
♣❛rt ♦❢ t❤❡ ♣r♦♦❢ ❝♦♥❝❡r♥s s❡♠✐st❛♥❞❛r❞ ✷✲❝♦❧✉♠♥ ❨♦✉♥❣ t❛❜❧❡❛✉①✿ ▲❡t Ti
❞❡♥♦t❡ t❤❡ s❡♠✐st❛♥❞❛r❞ ✷✲❝♦❧✉♠♥ ❨♦✉♥❣ t❛❜❧❡❛✉ ✇❤❡r❡ Ci ✐s t❤❡ ✜rst ❛♥❞
Ci+1 t❤❡ s❡❝♦♥❞ ❝♦❧✉♠♥✳ ▲❡t si1 , . . . , sil ❜❡ ❛ s❡q✉❡♥❝❡ ♦❢ r❡✢❡❝t✐♦♥s s✉❝❤
t❤❛t sij ✐♥❝r❡❛s❡s t❤❡ ❝♦❧✉♠♥ sij−1 . . . si1(Ci) ❢♦r ❡✈❡r② j ∈ {1, . . . , l} ❛♥❞
t❤❡r❡ ❡①✐sts ♥♦ s✐♠♣❧❡ r❡✢❡❝t✐♦♥ t❤❛t ✐♥❝r❡❛s❡s sil . . . si1(Ci)✳ ❲❡ ♣r♦✈❡ t❤❡
❝❧❛✐♠ ❜② ✐♥❞✉❝t✐♦♥ ♦✈❡r l✳
❇❛s✐s✿ l = 0
▲❡t ✉s st❛rt ✇✐t❤ t❤❡ ❧❡❢t ❤❛♥❞ s✐❞❡✱ t❤❡ ❝♦♠❜✐♥❛t♦r✐❛❧ ●❛✉ss❡♥t✲▲✐tt❡❧♠❛♥♥
❢♦r♠✉❧❛✿ ❋♦r l = 0 t❤❡ ❝♦♥tr✐❜✉t✐♦♥ c(Ci, Ci+1) ✐s ✶ ❜❡❝❛✉s❡ ✇❡ ♦♥❧② ❤❛✈❡
♦♥❡ s✐♥❣❧❡ s✐♠♣❧❡ ♣❛t❤ ❝♦♥s✐st✐♥❣ ♦❢ ♦♥❡ ✈❡rt❡①✳
◆♦✇ ❝♦♥s✐❞❡r t❤❡ r✐❣❤t ❤❛♥❞ s✐❞❡✱ t❤❡ ▼❛❝❞♦♥❛❧❞ ❢♦r♠✉❧❛✿ ❙✉♣♣♦s❡ Ci ❝♦♥✲
s✐sts ♦❢ m ❜♦①❡s✳ ❋♦r l = 0 t❤❡ ❝♦❧✉♠♥ Ci ❤❛s t❤❡ ❡♥tr✐❡s n−m+2, . . . , n+1✳
❚❤❡ s❤❛♣❡ ♦❢ Ci ✐s λ(i) = ǫ1 + ǫ2 + · · · + ǫm ❛♥❞ t❤❡ ❝♦♥t❡♥t ✐s µ(i) =
ǫn−m+2 + · · ·+ ǫn+1 ❛♥❞ ✇❡ ❞❡r✐✈❡
〈
λ(i) + µ(i), ρ
〉
= 1/2(
m−1∑
j=0
n− 1− 2j) + 1/2(
n+1∑
k=n+1−m
n− 1− 2k)
= 1/2(
m−1∑
j=0
n− 1− 2j)− 1/2(
m−1∑
k=0
n− 1− 2k)
= 0.
✸✽
❚❤✉s t−〈λ(i)+µ(i),ρ〉 = 1✳ ■t r❡♠❛✐♥s t♦ s❤♦✇ t❤❛t
ϕCi (t)
ϕmi+1(λ)(t)
❡q✉❛❧s ✶✿
❈♦♥s✐❞❡r ϕCi(t) =
∏
u∈Ci
∄v∈h(u):c(u)=c(v)
(1− t|h(u)|)✳ ❚❤❡ ❡♥tr✐❡s ✐♥ Ci+1 ❤❛✈❡ t♦ ❜❡
❜✐❣❣❡r t❤❛♥ ♦r ❡q✉❛❧ t♦ t❤❡ ❡♥tr✐❡s t♦ t❤❡ ❧❡❢t ✐♥ Ci ❜❡❝❛✉s❡ t❤❡ ❨♦✉♥❣ t❛❜❧❡❛✉
T ✐s s❡♠✐st❛♥❞❛r❞✳ ❇✉t t❤❡ ❡♥tr✐❡s ✐♥ Ci ❛r❡ ❛❧r❡❛❞② ❛s ❜✐❣ ❛s ♣♦ss✐❜❧❡✱ t❤✉s
t❤❡ ❡♥tr✐❡s ♦❢ Ci+1 ❛r❡ ❛❧s♦ ❡♥tr✐❡s ✐♥ Ci✳ ❈♦♥s❡q✉❡♥t❧② t❤❡r❡ ❛r❡ ❡①❛❝t❧②
mi+1(λ) ❜♦①❡s ✐♥ Ci t❤❛t ♠❛❦❡ ❛ ❝♦♥tr✐❜✉t✐♦♥ t♦ t❤❡ ❢♦r♠✉❧❛✳ ▲❡t bj ❜❡ t❤❡
jt❤ ❜♦① ✭❢r♦♠ t♦♣ t♦ ❜♦tt♦♠✮ ✐♥ Ci ✇❤♦s❡ ❡♥tr② ej ✐s ♥♦t ❛♥ ❡♥tr② ✐♥ Ci+1✳
❚❤❡ ❝♦♥tr✐❜✉t✐♦♥ ♦❢ t❤✐s ❜♦① t♦ t❤❡ ❢♦r♠✉❧❛ ✐s (1− t|h(bj)|) ✇✐t❤
|h(bj)| = |{ ❜♦①❡s ✇✐t❤ ∞ ✐♥ h(bj)}|+ |{❜♦①❡s ✇✐t❤ ❡♥tr② ✐♥ N ✐♥ h(bj)}|.
❲❡ ♥❡❡❞ t♦ ❝❤❡❝❦ t✇♦ ❝❛s❡s✿
✶✳ ❝❛s❡✿ ∃v ∈ h(bj) ✇✐t❤ ❡♥tr② ∞✿
❚❤❡♥ ✇❡ ❤❛✈❡
|{ ❜♦①❡s ✇✐t❤ ∞ ✐♥ h(bj)}| = mi+1(λ)− |{❜♦①❡s ✐♥ Ci ❛t t❤❡ t♦♣ ♦❢ bj}|
❛♥❞
|{❜♦①❡s ✇✐t❤ ❡♥tr② ✐♥ N ✐♥ h(bj)}|
=|{❜♦①❡s ✐♥ Ci ❛t t❤❡ t♦♣ ♦❢ bj}| − (mi+1(λ)− j).
❯s✐♥❣ t❤❡ ❧❛st t✇♦ ❡q✉❛t✐♦♥s ✇❡ ♦❜t❛✐♥ |h(bj)| = j✳
✷✳ ❝❛s❡✿ ∄v ∈ h(bj) ✇✐t❤ ❡♥tr② ∞✿
❚❤❡♥ ✇❡ ❝❧❡❛r❧② ❤❛✈❡ |h(bj)| = j✳
❚❤✉s✱ ❢♦r ❛❧❧ j ∈ {1, . . . ,mi+1} ✇❡ ❤❛✈❡ |h(bj)| = j ❛♥❞ ❝♦♥s❡q✉❡♥t❧②
ϕCi(t) =
mi+1(λ)∏
k=1
(1− tk) = ϕmi+1(λ)(t).
■t ❢♦❧❧♦✇s t❤❛t M(Ci, Ci+1) ✐s ✶✳
■♥❞✉❝t✐♦♥ st❡♣✿ l 7→ l + 1
▲❡t Ti ❜❡ ❛ s❡♠✐st❛♥❞❛r❞ ✷✲❝♦❧✉♠♥ ❨♦✉♥❣ t❛❜❧❡❛✉ ✇❤❡r❡ Ci ✐s t❤❡ ✜rst ❛♥❞
Ci+1 ✐s t❤❡ s❡❝♦♥❞ ❝♦❧✉♠♥✳ ❇❡❝❛✉s❡ l 6= 0 t❤❡r❡ ❡①✐sts ❛ s✐♠♣❧❡ r❡✢❡❝t✐♦♥ sj
t❤❛t ✐♥❝r❡❛s❡s t❤❡ ❝♦❧✉♠♥ Ci✳ ❚❤❡r❡ ❛ t❤r❡❡ ❝❛s❡s t♦ ❝❤❡❝❦✿
✶✳ ❝❛s❡✿ sj(Ci+1) = Ci+1
❇② ✐♥❞✉❝t✐♦♥ ❤②♣♦t❤❡s✐s ✇❡ ❦♥♦✇ t❤❛t c(sj(Ci), sj(Ci+1)) ❡q✉❛❧s
M(sj(Ci), sj(Ci+1)) s❛②
qa(q − 1)b(1 + q)a1 . . . (1 + q + · · ·+ qk)ak . . . .
❚❤❡ ❝♦♠❜✐♥❛t♦r✐❛❧ ✈❡rs✐♦♥ ♦❢ t❤❡ ●❛✉ss❡♥t✲▲✐tt❡❧♠❛♥♥ ❢♦r♠✉❧❛ ♥♦✇ t❡❧❧s ✉s
t❤❛t ✇❡ ♦❜t❛✐♥ c(Ci, Ci+1) s✐♠♣❧② ❜② ♠✉❧t✐♣❧②✐♥❣ c(sj(Ci), sj(Ci+1)) ❜② q
❤❡♥❝❡ ✇❡ ❤❛✈❡✿
c(Ci, Ci+1) = q
a+1(q − 1)b(1 + q)a1 . . . (1 + q + · · ·+ qk)ak . . . .
◆❡①t✱ ✇❡ ♥❡❡❞ t♦ ❝❛❧❝✉❧❛t❡ t❤❡ ❝♦♥tr✐❜✉t✐♦♥ M(Ci, Ci+1) t♦ t❤❡ ▼❛❝❞♦♥❛❧❞
❢♦r♠✉❧❛ ❢r♦♠ M(sj(Ci), sj(Ci+1))✿ ❇❡❝❛✉s❡ sj ✐♥❝r❡❛s❡s t❤❡ ❝♦❧✉♠♥ Ci ✇❡
❦♥♦✇ t❤❛t t❤❡r❡ ✐s ❛ j ❜✉t ♥♦ j + 1 ✐♥ Ci ❛♥❞ sj(Ci+1) = Ci+1 ♠❡❛♥s t❤❛t
✸✾
❡✐t❤❡r j ❛♥❞ j + 1 ♦r ♥❡✐t❤❡r j ♥♦r j + 1 ❛r❡ ✐♥ Ci+1✳
▲❡t ✉s ✜rst ❝♦♥s✐❞❡r t❤❡ ❝❛s❡ ✇❤❡♥ j ❛♥❞ j+1 ❛r❡ ❡♥tr✐❡s ✐♥ Ci+1✳ ❲❡ ❦♥♦✇
t❤❛tM(Ci, Ci+1) ✐s ❛ ♣r♦❞✉❝t ♦✈❡r ❛❧❧ ❜♦①❡s ✐♥ Ci ✇❤❡r❡ t❤❡ ❝♦♥tr✐❜✉t✐♦♥ ♦❢ ❛
❜♦① ❞❡♣❡♥❞s ♦♥ t❤❡ ❡♥tr✐❡s ✐♥ Ci+1✳ ❆♣♣❧② sj t♦ sj(Ti) ♦♥❧② ❝❤❛♥❣❡s ❛ s✐♥❣❧❡
❜♦① ✐♥ t❤❡ ✜rst ❝♦❧✉♠♥✱ t❤✉s ✇❡ ♦♥❧② ♥❡❡❞ t♦ ❡①❝❤❛♥❣❡ t❤❡ ❝♦♥tr✐❜✉t✐♦♥ ♦❢
t❤✐s ❜♦①✱ ✇❤✐❝❤ ✐s t❤❡ ❜♦① ✇✐t❤ ❡♥tr② j + 1✱ ❛♥❞ t❤❡ ❝♦♥tr✐❜✉t✐♦♥ ♦❢ t❤❡ ❜♦①
✇✐t❤ ❡♥tr② j t♦ M(Ci, Ci+1)✳ ❇✉t ❜❡❝❛✉s❡ j ❛♥❞ j + 1 ❛r❡ ✐♥ t❤❡ s❡❝♦♥❞
❝♦❧✉♠♥ ♦❢ Ti ❛♥❞ ♦❢ sj(Ti) t❤❡ ❝♦♥tr✐❜✉t✐♦♥ ♦❢ t❤❡ ❜♦① ✐s ✐♥ ❜♦t❤ ❝❛s❡s ✶✱
t❤✉s ✇❡ ❞❡r✐✈❡ t❤❛t ♦♥❧② t❤❡ ❝♦♥t❡♥t ♦❢ t❤❡ t❛❜❧❡❛✉ ❝❤❛♥❣❡s✳ ❲❡ ❣❡t t❤❛t ✇❡
❤❛✈❡ t♦ ♠✉❧t✐♣❧② t❤❡ ❝♦♥tr✐❜✉t✐♦♥ M(sj(Ci), sj(Ci+1)) ❜② t
−1 = q t♦ ♦❜t❛✐♥
t❤❡ ❝♦♥tr✐❜✉t✐♦♥ M(Ci, Ci+1)✳ ❚❤✐s ✐s ✇❤❛t ✇❡ ❞✐❞ ✐♥ t❤❡ ❝♦♠❜✐♥❛t♦r✐❛❧
●❛✉ss❡♥t✲▲✐tt❡❧♠❛♥♥ ❢♦r♠✉❧❛✳
◆♦✇ ❝♦♥s✐❞❡r t❤❡ ❝❛s❡ ✇❤❡r❡ ♥❡✐t❤❡r j ♥♦r j + 1 ❛r❡ ❡♥tr✐❡s ✐♥ Ci+1✳ ❲❡
❛❣❛✐♥ ♥❡❡❞ t♦ ❡①❝❤❛♥❣❡ t❤❡ ❝♦♥tr✐❜✉t✐♦♥ ♦❢ t❤❡ ❜♦① ✇✐t❤ ❡♥tr② j + 1 t♦
M(sj(Ci), sj(Ci+1)) ✇✐t❤ t❤❡ ❝♦♥tr✐❜✉t✐♦♥ ♦❢ t❤❡ ❜♦① ✇✐t❤ ❡♥tr② j t♦
M(Ci, Ci+1)✳ ❇✉t t❤❡ ❝♦♥tr✐❜✉t✐♦♥s ♦❢ t❤❡ ❜♦①❡s ❛r❡ t❤❡ s❛♠❡ ❜❡❝❛✉s❡ t❤❡
❤❡❛❞s ❛r❡ t❤❡ s❛♠❡✳ ❆❣❛✐♥ ♦♥❧② t❤❡ ❝♦♥t❡♥t ♦❢ t❤❡ t❛❜❧❡❛✉ ❝❤❛♥❣❡s ❛♥❞ ✇❡
♦❜t❛✐♥ t❤❡ s❛♠❡ r❡s✉❧t ❛s ❛❜♦✈❡✳
✷✳ ❝❛s❡✿ sj ✐♥❝r❡❛s❡s Ci+1
❲❡ ❛❣❛✐♥ ❦♥♦✇ ❜② ❤②♣♦t❤❡s✐s t❤❛t t❤❡ ❝♦♥tr✐❜✉t✐♦♥s ♦❢ (sj(Ci), sj(Ci+1)) ✐s
t❤❡ s❛♠❡ ♦♥ ❜♦t❤ s✐❞❡s✱ s❛②
qa(q − 1)b(1 + q)a1 . . . (1 + q + · · ·+ qk)ak . . . .
❆s ✐♥ t❤❡ ✜rst ❝❛s❡ ✐t ❢♦❧❧♦✇s t❤❛t
qa+1(q − 1)b(1 + q)a1 . . . (1 + q + · · ·+ qk)ak . . .
✐s c(sj(Ci), sj(Ci+1))✳ ◆♦✇ ✇❡ ❝♦♥s✐❞❡r t❤❡ ▼❛❝❞♦♥❛❧❞ ❢♦r♠✉❧❛✿ ■♥ ❜♦t❤
❝♦❧✉♠♥s ♦❢ t❤❡ ❨♦✉♥❣ t❛❜❧❡❛✉ Ti t❤❡r❡ ✐s ❛ j ❜✉t ♥♦ j + 1✳ ❈♦♥s❡q✉❡♥t❧②
✐♥ ❜♦t❤ ❝♦❧✉♠♥s ♦❢ t❤❡ ❨♦✉♥❣ t❛❜❧❡❛✉ sj(Ti) t❤❡r❡ ✐s ❛ j + 1 ❜✉t ♥♦ j✳ ❚❤❡
❜♦① ✐♥ Ci ✇✐t❤ ❡♥tr② j ❤❛s ❝♦♥tr✐❜✉t✐♦♥ ✶ t♦ M(Ci, Ci+1) ❜❡❝❛✉s❡ t❤❡r❡ ✐s
❛ j ✐♥ Ci+1✳ ❇② t❤❡ s❛♠❡ ❛r❣✉♠❡♥t ✇❡ ❞❡r✐✈❡ t❤❛t t❤❡ ❝♦♥tr✐❜✉t✐♦♥ ♦❢ t❤❡
❜♦① ✇✐t❤ ❡♥tr② j + 1 t♦ M(sj(Ci), sj(Ci+1)) ✐s ✶✳ ❆s ✐♥ t❤❡ ✜rst ❝❛s❡ ♦♥❧②
t❤❡ ❝♦♥t❡♥t ♦❢ t❤❡ t❛❜❧❡❛✉ ❝❤❛♥❣❡s ❛♥❞ ✇❡ ❤❛✈❡ t♦ ♠✉❧t✐♣❧② t❤❡ ❝♦♥tr✐❜✉t✐♦♥
M(sj(Ci), sj(Ci+1)) ❜② t
−1 = q t♦ ♦❜t❛✐♥ t❤❡ ❝♦♥tr✐❜✉t✐♦♥M(Ci, Ci+1)✳ ❆♥❞
t❤✐s ✐s ✇❤❛t ✇❡ ❞✐❞ ✐♥ t❤❡ ❝♦♠❜✐♥❛t♦r✐❛❧ ●❛✉ss❡♥t✲▲✐tt❡❧♠❛♥♥ ❢♦r♠✉❧❛✳
✸✳ ❝❛s❡✿ sj ❞❡❝r❡❛s❡s Ci+1
❙✉♣♣♦s❡ t❤❛t sj(Ti) ✐s s❡♠✐st❛♥❞❛r❞✳ ❲❡ ❦♥♦✇ ❜② ✐♥❞✉❝t✐♦♥ ❤②♣♦t❤❡s✐s t❤❛t
M(sj(Ci), sj(Ci+1)) = c(sj(Ci), sj(Ci+1)) ❛♥❞M(sj(Ci), Ci+1) = c(sj(Ci), Ci+1)✳
▲❡t
M(sj(Ci), sj(Ci+1)) = q
a(q − 1)b(1 + q)a1 . . . (1 + q + · · ·+ qk)ak . . . .
✹✵
❲❡ ❝❛♥ ❡①♣r❡ss M(sj(Ci), Ci+1) ❞❡♣❡♥❞✐♥❣ ♦♥ M(sj(Ci), sj(Ci+1))✿
M(sj(Ci), Ci+1) =
1
(1− tl+1)
M(sj(Ci), sj(Ci+1))
=
t−(l+1)
(t−(l+1) − 1)
M(sj(Ci), sj(Ci+1))
=
ql+1
(q − 1)(1 + q + . . . ql)
M(sj(Ci), sj(Ci+1))
= qa+l+1(q − 1)b−1(1 + q)a1 . . . (1 + q + · · ·+ ql)al−1 . . .
✇❤❡r❡ l + 1 = h(u) ❛♥❞ u ✐s t❤❡ ❜♦① ✐♥ sj(Ci) ✇✐t❤ ❡♥tr② j + 1 ❜❡❝❛✉s❡
u ❤❛s ❝♦♥tr✐❜✉t✐♦♥ (1 − tl+1) t♦ M(sj(Ci), sj(Ci+1)) ❛♥❞ ❝♦♥tr✐❜✉t✐♦♥ 1 t♦
M(sj(Ci), Ci+1) ❛♥❞ u ✐s t❤❡ ♦♥❧② ❜♦① ✇✐t❤ ❞✐✛❡r❡♥t ❝♦♥tr✐❜✉t✐♦♥s✳
■♥ t❤❡ ❝♦♠❜✐♥❛t♦r✐❛❧ ●❛✉ss❡♥t✲▲✐tt❡❧♠❛♥♥ ❢♦r♠✉❧❛ ✇❡ ♦❜t❛✐♥ c(Ci, Ci+1) ❜②
♠✉❧t✐♣❧②✐♥❣ c(sj(Ci), sj(Ci+1)) ❜② ✶ ❛♥❞ ❛❞❞ c(sj(Ci), Ci+1) ♠✉❧t✐♣❧✐❡❞ ❜②
(q − 1)✿
qa(q − 1)b(1 + q)a1 . . . (1 + q + · · ·+ qk)ak . . .
+ qa+l+1(q − 1)b(1 + q)a1 . . . (1 + q + · · ·+ ql)al−1 . . .
= ((1 + · · ·+ ql) + ql+1)(qa(q − 1)b(1 + q)a1 . . . (1 + q + · · ·+ ql)al−1) . . .
= qa(q − 1)b(1 + q)a1 . . . (1 + · · ·+ ql)al−1(1 + . . . ql+1)al+1+1 . . . .
❲❡ ♥♦✇ ♥❡❡❞ t♦ ❝♦♠♣✉t❡ M(Ci, Ci+1) ❢r♦♠ M(sj(Ci), sj(Ci+1))✿ ❲❡ ❦♥♦✇
t❤❛t t❤❡r❡ ✐s ❛ j ❜✉t ♥♦ j + 1 ✐♥ Ci ❛♥❞ t❤❛t ✇❡ ❤❛✈❡ ♥♦ ❜♦① ✇✐t❤ ❡♥tr②
j ❜✉t ♦♥❡ ✇✐t❤ ❡♥tr② j + 1 ✐♥ Ci+1✳ ❇❡❝❛✉s❡ sj(Ti) ❛♥❞ idj(Ti) ❛r❡ ❜♦t❤
s❡♠✐st❛♥❞❛r❞ ✇❡ ❦♥♦✇ t❤❛t t❤❡ ❜♦① ✇✐t❤ ❡♥tr② j ✐♥ Ci ❝❛♥♥♦t ❜❡ ♥❡①t t♦
t❤❡ ❜♦① ✐♥ Ci+1 ✇✐t❤ ❡♥tr② j + 1✳ ❈♦♥s✐❞❡r t❤❡ ❜♦① u ✐♥ sj(Ci) ✇✐t❤ t❤❡
❡♥tr② j + 1✳ ❚❤❡♥ t❤❡ ❜♦① ✐♥ sj(Ci+1) ✇✐t❤ ❡♥tr② j ✐s ♥♦t ✐♥ t❤❡ ❤❡❛❞ ♦❢
u✳ ❆❢t❡r ❛♣♣❧②✐♥❣ sj t♦ sj(Ti) t❤❡ ❜♦① u ✐♥ Ci ❤❛s ❡♥tr② j ❛♥❞ ♥♦✇ t❤❡
❜♦① ✇✐t❤ ❡♥tr② j + 1 ✐♥ Ci+1 ✐s ✐♥ t❤❡ ❤❡❛❞ ♦❢ u✳ ❋✉rt❤❡r✱ t❤❡ ❝♦♥t❡♥t ♦❢
t❤❡ t❛❜❧❡❛✉ ❛❧s♦ ❝❤❛♥❣❡s ❜✉t ❛❣❛✐♥ ❛❧❧ ♦t❤❡r ❝♦♥tr✐❜✉t✐♦♥s ♦❢ ❜♦①❡s st❛② t❤❡
s❛♠❡✳ ❈♦♥s❡q✉❡♥t❧② ✇❡ ♦❜t❛✐♥ M(Ci, Ci+1) ❛s
M(Ci, Ci+1) =
(1− tl+2)
(1− tl+1)
t−1M(sj(Ci), sj(Ci+1))
=
(1 + · · ·+ ql+1)
(1 + · · ·+ ql)
M(sj(Ci), sj(Ci+1))
❛♥❞ t❤✐s ✐s ❡①❛❝t❧② ✇❤❛t ✇❡ ❞✐❞ ✐♥ t❤❡ ❝♦♠❜✐♥❛t♦r✐❛❧ ●❛✉ss❡♥t✲▲✐tt❡❧♠❛♥♥
❢♦r♠✉❧❛✳
◆♦✇ s✉♣♣♦s❡ t❤❛t sj(Ti) ✐s ♥♦t s❡♠✐st❛♥❞❛r❞✳ ❇② ✐♥❞✉❝t✐♦♥ ❤②♣♦t❤❡s✐s ✇❡
❦♥♦✇ t❤❛tM(sj(Ci), Ci+1) = c(sj(Ci), Ci+1). ■♥ t❤❡ ❝♦♠❜✐♥❛t♦r✐❛❧ ●❛✉ss❡♥t✲
▲✐tt❡❧♠❛♥♥ ❢♦r♠✉❧❛ ✇❡ ♦❜t❛✐♥ c(Ci, Ci+1) ❜② ♠✉❧t✐♣❧②✐♥❣ c(sj(Ci), Ci+1) ❜②
(q − 1)✳ ◆♦✇ ✇❡ ♥❡❡❞ t♦ ❝♦♥s✐❞❡r ✇❤❛t ❤❛♣♣❡♥s ✐♥ t❤❡ ▼❛❝❞♦♥❛❧❞ ❢♦r♠✉❧❛✿
✹✶
❚❤❡ ❝♦❧✉♠♥ Ci ❝♦♥t❛✐♥s ❛ j ❜✉t ♥♦ j+1 ❛♥❞ Ci+1 ❝♦♥t❛✐♥s ❛ j+1 ❜✉t ♥♦ j✳
❇❡❝❛✉s❡ sj(Ti) ✐s ♥♦t s❡♠✐st❛♥❞❛r❞ ✇❡ ❦♥♦✇ t❤❛t t❤❡ ❜♦① t❤❛t ❝♦♥t❛✐♥s j ✐♥
Ci ✐s ♥❡①t t♦ t❤❡ ❜♦① ✐♥ Ci+1 t❤❛t ❝♦♥t❛✐♥s j+1✳ ■♥ M(sj(Ci), Ci+1) t❤❡ ❜♦①
✐♥ sj(Ci) ✇✐t❤ ❡♥tr② j+1 ❤❛s ❝♦♥tr✐❜✉t✐♦♥ ✶ ❜✉t ✐♥ M(Ci, Ci+1) t❤✐s ❜♦① ❤❛s
❡♥tr② j ❛♥❞ ❜❡❝❛✉s❡ t❤❡r❡ ✐s ♥♦ j ✐♥ Ci+1 t❤❡ ❝♦♥tr✐❜✉t✐♦♥ ✐s ❞✐✛❡r❡♥t ❢r♦♠ ✶✳
❚❤❡ ❤❡❛❞ ♦❢ t❤❡ ❜♦① ✐♥ Ci ✇✐t❤ ❡♥tr② j ✐♥ Ti ♦♥❧② ❝♦♥s✐sts ♦❢ t❤❡ ❜♦① ✐♥ Ci+1
✇✐t❤ ❡♥tr② j+1✳ ❚❤❡ ❝♦♥t❡♥t ♦❢ t❤❡ t❛❜❧❡❛✉ ❛❧s♦ ❝❤❛♥❣❡s ❜✉t ❛❧❧ ❝♦♥tr✐❜✉t✐♦♥s
♦❢ t❤❡ ♦t❤❡r ❜♦①❡s t♦ t❤❡ ❢♦r♠✉❧❛ st❛② t❤❡ s❛♠❡ ❛♥❞ ✇❡ ❞❡r✐✈❡ t❤❛t ✇❡ ❤❛✈❡
t♦ ♠✉❧t✐♣❧② M(sj(Ci), Ci+1) ❜② (1− t)t
−1 = (q−1) t♦ ❣❡t M(Ci, Ci+1)✳ ❚❤✐s
✐s ❛❣❛✐♥ ✇❤❛t ✇❡ ❞✐❞ ✐♥ t❤❡ ❝♦♠❜✐♥❛t♦r✐❛❧ ●❛✉ss❡♥t✲▲✐tt❡❧♠❛♥♥ ❢♦r♠✉❧❛✳ 
✼✳ ❊①❛♠♣❧❡s
✼✳✶✳ ❚②♣❡ A2✳
❋♦r t❤❡ s❡♠✐st❛♥❞❛r❞ ❨♦✉♥❣ t❛❜❧❡❛✉ T = (C0, C1) =
1 3
2
t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣
❝♦♠❜✐♥❛t♦r✐❛❧ ♣♦s✐t✐✈❡❧② ❢♦❧❞❡❞ ♦♥❡✲s❦❡❧❡t♦♥ ❣❛❧❧❡r② ✐♥ t❤❡ st❛♥❞❛r❞ ❛♣❛rt✲
♠❡♥t ♦❢ t❤❡ ❛✣♥❡ ❜✉✐❞❧✐♥❣ ✐s δT = δs2s1(Eω1 ) ∗ δEω2 = (o ⊂ E0 ⊃ V1 ⊂ E1 ⊃
o) :
o
ǫ1
ǫ2
ǫ3
❲❡ ♥♦✇ ❝❛❧❝✉❧❛t❡ t❤❡ ❝♦♥tr✐❜✉t✐♦♥ ♦❢ T ✭r❡s♣✳ δT ✮ t♦ t❤❡ ❢♦r♠✉❧❛s✿
●❛✉ss❡♥t✲▲✐tt❡❧♠❛♥♥ ❢♦r♠✉❧❛
❈♦♥s✐❞❡r t❤❡ ❣❛❧❧❡r② (o ⊂ (E0)o) ❛ss♦❝✐❛t❡❞ t♦ t❤❡ ❧❛st ❝♦❧✉♠♥ ♦❢ T ❛t t❤❡
♦r✐❣✐♥ o✱ ♥❛♠❡❧② 3 ✱ ✐♥ t❤❡ st❛♥❞❛r❞ ❛♣❛rt♠❡♥t ♦❢ t❤❡ r❡s✐❞✉❡ ❜✉✐❧❞✐♥❣ ❛t o✿
o
(E0)o
C−
o
= D0
❚❤✉s✱ wD0 = id ❛♥❞
c(E0) = q
0 = 1.
✹✷
◆♦✇ ❝♦♥s✐❞❡r t❤❡ ❣❛❧❧❡r② ((E0)V1 ⊃ V1 ⊂ (E1)V1) ❛ss♦❝✐❛t❡❞ t♦ t❤❡ ✷✲❝♦❧✉♠♥
❨♦✉♥❣ t❛❜❧❡❛✉ 1 3
2
❛t V1 = ǫ3✱ ✐♥ t❤❡ st❛♥❞❛r❞ ❛♣❛rt♠❡♥t ♦❢ t❤❡ r❡s✐❞✉❡
❜✉✐❧❞✐♥❣ ❛t V1✿
V1
C−
V1
S1
V1
= D1
(E0)V1 (E1)V1
−
+
−
+ −
+
−
+
−
+−
+
1
2 1
2
12
■♥ t❤❡ ♣✐❝t✉r❡ ❛❜♦✈❡ ✇❡ ❧❛❜❡❧ t❤❡ ✇❛❧❧s ♦❢ t❤❡ ❛♥t✐✲❞♦♠✐♥❛♥t ❝❤❛♠❜❡r C−V1
✇✐t❤ i ✐❢ t❤❡ ✇❛❧❧ ✐s ❝♦♥t❛✐♥❡❞ ✐♥ t❤❡ ❤②♣❡r♣❧❛♥❡ H(αi,ni) ❢♦r ❛ s✐♠♣❧❡ r♦♦t
αi ∈ φV1 ✳ ❚❤❡ ❧❛❜❡❧✐♥❣ ♦❢ t❤❡ ✇❛❧❧s ♦❢ t❤❡ ❝❤❛♠❜❡rs ✐♥ AV1 ✐sW
a
V1
✲❡q✉✐✈❛r✐❛♥t
s♦ t❤❛t t❤❡ ❧❛❜❡❧✐♥❣ ♦❢ t❤❡ ✇❛❧❧s ♦❢ w(C−V1) ❢♦r w ∈ W
a
V1
✐s t❤❡ ✐♠❛❣❡ ♦❢ t❤❡
❧❛❜❡❧✐♥❣ ♦❢ t❤❡ ✇❛❧❧s ♦❢ C−V1 ✳ ❚❤❡ ❧❛❜❡❧✐♥❣ ♦❢ ❛ ✇❛❧❧ ✐s ❡①❛❝t❧② ✐ts t②♣❡✳
❚❤❡ s✐❣♥s ♦♥ t❤❡ ❤②♣❡r♣❧❛♥❡s ✐♥❞✐❝❛t❡ ♦♥ ✇❤✐❝❤ s✐❞❡ ♦❢ t❤❡ ❤②♣❡r♣❧❛♥❡ t❤❡
❝❤❛♠❜❡r S1V1 ✐s✳ ▼♦r❡ ♣r❡❝✐s❡❧②✱ t❤❡ ♥❡❣❛t✐✈❡ ❤❛❧❢✲s♣❛❝❡ ♦❢ t❤❡ ❤②♣❡r♣❧❛♥❡
❝♦♥t❛✐♥s S1V1 ✳
■♥ t②♣❡ A2✱ W
v
V ❝♦✐♥❝✐❞❡s ✇✐t❤ W ❢♦r ❡✈❡r② ✈❡rt❡① V ✐♥ A✳ ❚❤❡ r❡❞✉❝❡❞
❡①♣r❡ss✐♦♥ ❢♦r t❤❡ ❲❡②❧ ❣r♦✉♣ ❡❧❡♠❡♥t w ∈W aV1 t❤❛t s❡♥❞s C
−
V1
t♦ D1 ✐s s2s1
✐♥❞✐❝❛t❡❞ ✐♥ t❤❡ ♣✐❝t✉r❡ ❛❜♦✈❡ ❜② t❤❡ ❞♦tt❡❞ ❧✐♥❡✳ ❚❤❡ ❣❛❧❧❡r✐❡s ♦❢ ❝❤❛♠❜❡rs
✐♥ Γ+
S1
V1
((2, 1), op) ❛r❡ ✐❧❧✉str❛t❡❞ ❜❡❧♦✇✿
V1
C−
V1
S1
V1
= D1
(E0)V1 (E1)V1
−
+
−
+ −
+
−
+
−
+−
+
1
2 1
2
12
▲❡t ❝1 ❞❡♥♦t❡ t❤❡ ✉♣♣❡r ❛♥❞ ❝2 t❤❡ ❧♦✇❡r ❣❛❧❧❡r② ♦❢ ❝❤❛♠❜❡rs✳ ❚❤❡ ❣❛❧❧❡r②
❝1 ❤❛s ♦♥❡ ♣♦s✐t✐✈❡ ❢♦❧❞✐♥❣ ❛♥❞ ♦♥❡ ♣♦s✐t✐✈❡ ✇❛❧❧✲❝r♦ss✐♥❣✱ t❤❡ ❣❛❧❧❡r② ❝2 ❤❛s
♦♥❡ ♣♦s✐t✐✈❡ ❢♦❧❞✐♥❣ ❛♥❞ ♦♥❡ ♥❡❣❛t✐✈❡ ✇❛❧❧✲❝r♦ss✐♥❣✳ ❲❡ ♦❜t❛✐♥
c(((E0)V1 ⊃ V1 ⊂ (E1)V1)) = q(q − 1) + (q − 1) = (q + 1)(q − 1) = q
2 − 1.
❚♦❣❡t❤❡r ✇✐t❤ t❤❡ ✜rst ❝❛❧❝✉❧❛t✐♦♥ ✇❡ ❤❛✈❡
c(δT ) = c(E0) ∗ c(((E0)V1 ⊃ V1 ⊂ (E1)V1)) = 1 ∗ (q
2 − 1) = q2 − 1.
❈♦♠❜✐♥❛t♦r✐❛❧ ●❛✉ss❡♥t✲▲✐tt❡❧♠❛♥♥ ❢♦r♠✉❧❛
❋✐rst ❝♦♥s✐❞❡r t❤❡ ❧❛st ❝♦❧✉♠♥ ♦❢ t❤❡ ❨♦✉♥❣ t❛❜❧❡❛✉ T ✱ ♥❛♠❡❧② C1 = 3 ✳
✹✸
❚❤❡r❡ ✐s ♥♦ s✐♠♣❧❡ r❡✢❡❝t✐♦♥ ✐♥ W t❤❛t ✐♥❝r❡❛s❡s C1✳ ❲❡ ♦❜t❛✐♥
c(C1) = q
0 = 1.
◆♦✇ ❝♦♥s✐❞❡r t❤❡ ✷✲❝♦❧✉♠♥ ❨♦✉♥❣ t❛❜❧❡❛✉ 1 3
2
✐♥ ♦r❞❡r t♦ ❝❛❧❝✉❧❛t❡ c(C0, C1)✳
❆♣♣❧②✐♥❣ t❤❡ ❛❧❣♦r✐t❤♠ ②✐❡❧❞s t❤❡ ❢♦❧❧♦✇✐♥❣ tr❡❡✿
1 3
2
s
−
2 1 2
3
id
+
1 2 2
3
id
+
2
1 3
3
2 3
3
s
+
1
✳
❚❤❡r❡ ❛r❡ t✇♦ s✐♠♣❧❡ ♣❛t❤s ✐♥ t❤❡ tr❡❡ t❤❛t st❛rt ✐♥ 1 3
2
❛♥❞ ❡♥❞ ✐♥ ❛ ✜♥❛❧
✈❡rt❡①✳ ▲❡t σ1 ❞❡♥♦t❡ t❤❡ ✉♣♣❡r ❛♥❞ σ2 t❤❡ ❧♦✇❡r ♣❛t❤✳ ❲❡ ❤❛✈❡
pr(σ1) = 0 ❛♥❞ pf(σ1) = 1
❛♥❞
pr(σ2) = 1 ❛♥❞ pf(σ2) = 1.
■t ❢♦❧❧♦✇s t❤❛t
c(C0, C1) = (q − 1) + q(q − 1) = q
2 − 1
❛♥❞
c(T ) = 1 ∗ (q2 − 1) = q2 − 1.
▼❛❝❞♦♥❛❧❞ ❢♦r♠✉❧❛
❚❤❡ ❨♦✉♥❣ t❛❜❧❡❛✉ T ❤❛s s❤❛♣❡ λ = 2ǫ1+ ǫ2 ❛♥❞ ❝♦♥t❡♥t µ = 0✳ ■♥ ♦r❞❡r t♦
❝❛❧❝✉❧❛t❡ ϕT (t) ✇❡ ♥❡❡❞ t❤❡ ❛✉❣♠❡♥t❡❞ ❨♦✉♥❣ t❛❜❧❡❛✉ Tˆ = 1 3∞2∞ ✳
❋♦r C1 = 3 ✇❡ ❤❛✈❡ ϕ(C1)(t) = (1 − t)✱ ϕm2(λ)(t) = (1 − t)✱ λ(2) = ǫ1 ❛♥❞
µ(2) = ǫ3 s✉❝❤ t❤❛t
c(C1) = t
−〈ǫ1+ǫ3,ǫ1−ǫ3〉 (1− t)
(1− t)
= 1.
❋♦r C0 =
1
2
✇❡ ❤❛✈❡ ϕ(C0)(t) = (1 − t)(1 − t
2)✱ ϕm1(λ)(t) = (1 − t)✱ λ(1) =
ǫ1 + ǫ2 ❛♥❞ µ(1) = ǫ1 + ǫ2 s✉❝❤ t❤❛t
c(C0, C1) = t
−〈2ǫ1+2ǫ2,ǫ1−ǫ3〉 (1− t)(1− t
2)
(1− t)
= t−2(1− t2) = t−2 − 1
= q2 − 1.
❲❡ ❤❛✈❡
c(T ) = 1 ∗ (q2 − 1) = q2 − 1.
✹✹
✼✳✷✳ ❚②♣❡ B2✳
❋♦r t❤❡ s❡♠✐st❛♥❞❛r❞ ❨♦✉♥❣ t❛❜❧❡❛✉ T = (C0, C1, C2) =
1 1 1¯
2¯
t❤❡ ❝♦rr❡✲
s♣♦♥❞✐♥❣ ♣♦s✐t✐✈❡❧② ❢♦❧❞❡❞ ❝♦♠❜✐♥❛t♦r✐❛❧ ♦♥❡✲s❦❡❧❡t♦♥ ❣❛❧❧❡r② ✐♥ t❤❡ st❛♥✲
❞❛r❞ ❛♣❛rt♠❡♥t ♦❢ t❤❡ ❛✣♥❡ ❜✉✐❧❞✐♥❣ ♦❢ t②♣❡ B2 ✐s δT = δs1s2s1(Eω1 ) ∗ δEω1 ∗
δs2(Eω2 ) = (o ⊂ E0 ⊃ V1 ⊂ E1 ⊃ V2 ⊂ E2 ⊃ V3)✿
o
ǫ1
ǫ2
❲❡ ♥♦✇ ❝❛❧❝✉❧❛t❡ t❤❡ ❝♦♥tr✐❜✉t✐♦♥ ♦❢ T ✭r❡s♣✳ δT ✮ t♦ t❤❡ ❢♦r♠✉❧❛s✿
●❛✉ss❡♥t✲▲✐tt❡❧♠❛♥♥ ❢♦r♠✉❧❛
❈♦♥s✐❞❡r t❤❡ ❣❛❧❧❡r② (o ⊂ (E0)o) ❛ss♦❝✐❛t❡❞ t♦ t❤❡ ❧❛st ❝♦❧✉♠♥ ♦❢ T ❛t t❤❡
♦r✐❣✐♥ o✱ ♥❛♠❡❧② 1¯ ✱ ✐♥ t❤❡ st❛♥❞❛r❞ ❛♣❛rt♠❡♥t ♦❢ t❤❡ r❡s✐❞✉❡ ❜✉✐❧❞✐♥❣ ❛t o✿
o
(E0)o
C−
o
= D0
❚❤✉s✱ wD0 = id ❛♥❞
c(E0) = q
0 = 1.
◆♦✇ ❝♦♥s✐❞❡r t❤❡ ❣❛❧❧❡r② ((E0)V1 ⊃ V1 ⊂ (E1)V1) ❛ss♦❝✐❛t❡❞ t♦ t❤❡ ✷✲❝♦❧✉♠♥
❨♦✉♥❣ t❛❜❧❡❛✉ 1 1¯ ❛t V1✱ ✐♥ t❤❡ st❛♥❞❛r❞ ❛♣❛rt♠❡♥t ♦❢ t❤❡ r❡s✐❞✉❡ ❜✉✐❧❞✐♥❣
❛t V1✿
10
2
10
2
V1
C−
V1
S1
V1
= D1
−
+
−
+
+−
+−
(E0)V1 (E1)V1
✹✺
❚❤❡ ❧❛❜❡❧✐♥❣ ♦❢ t❤❡ ✇❛❧❧s ❛♥❞ t❤❡ s✐❣♥s ❛t t❤❡ ✇❛❧❧s ❛r❡ ❛s ❡①♣❧❛✐♥❡❞ ✐♥ t❤❡
❡①❛♠♣❧❡ ❢♦r t②♣❡ A2✳
❚❤❡ r❡❞✉❝❡❞ ❡①♣r❡ss✐♦♥ ❢♦r t❤❡ ❲❡②❧ ❣r♦✉♣ ❡❧❡♠❡♥t w ∈ W aV1 = W
a
Vω1
t❤❛t
s❡♥❞s C−V1 t♦ D1 ✐s s10 ✐♥❞✐❝❛t❡❞ ✐♥ t❤❡ ♣✐❝t✉r❡ ❛❜♦✈❡ ❜② t❤❡ ❞♦tt❡❞ ❧✐♥❡✳
❚❤❡r❡ ✐s ♦♥❧② ♦♥❡ ❣❛❧❧❡r② ♦❢ ❝❤❛♠❜❡rs ❝1 ✐♥ Γ
+
S1
V1
((10), op) ✇❤✐❝❤ ✐s ✐❧❧✉str❛t❡❞
❜❡❧♦✇✿
10
2
10
2C−
V1
S1
V1
= D1
V1−
+
−
+
+−
+−
(E0)V1 (E1)V1
❚❤❡ ❣❛❧❧❡r② ♦❢ ❝❤❛♠❜❡rs ❝1 ❤❛s ♦♥❡ ♣♦s✐t✐✈❡ ❢♦❧❞✐♥❣✳ ❲❡ ♦❜t❛✐♥
c(((E0)V1 ⊃ V1 ⊂ (E1)V1)) = (q − 1).
◆♦✇ ❝♦♥s✐❞❡r t❤❡ ❣❛❧❧❡r② ((E1)V2 ⊃ V2 ⊂ (E2)V2) ❛ss♦❝✐❛t❡❞ t♦ t❤❡ ✷✲❝♦❧✉♠♥
❨♦✉♥❣ t❛❜❧❡❛✉ T = 1 1
2¯
❛t V2 ✐♥ t❤❡ st❛♥❞❛r❞ ❛♣❛rt♠❡♥t ♦❢ t❤❡ r❡s✐❞✉❡
❜✉✐❧❞✐♥❣ ❛t V2✿
V2
(E1)V2
(E2)V2
C−
V2
= S2
V2
D2
− +
+
−
+
−
+
−
− ++
−
+
−
−
+
2 1
2
121
2
1
❚❤❡ r❡❞✉❝❡❞ ❡①♣r❡ss✐♦♥ ❢♦r t❤❡ ❲❡②❧ ❣r♦✉♣ ❡❧❡♠❡♥t w ∈W aV2 t❤❛t s❡♥❞s C
−
V2
t♦ D2 ✐s s1s2 ✐♥❞✐❝❛t❡❞ ❛❜♦✈❡ ❜② t❤❡ ❞♦tt❡❞ ❧✐♥❡✳ ❚❤❡ ❣❛❧❧❡r② ♦❢ ❝❤❛♠❜❡rs
♦❢ t②♣❡ (1, 2) st❛rt✐♥❣ ✐♥ C−V2 t❤❛t ❣♦❡s str❛✐❣❤t t♦ D2 ✭✐✳❡✳ ❤❛s ♦♥❧② ✇❛❧❧✲
❝r♦ss✐♥❣s✮ ❤❛s ♦♥❧② ♣♦s✐t✐✈❡ ✇❛❧❧✲❝r♦ss✐♥❣s ✇✐t❤ r❡s♣❡❝t t♦ S2V2 ✳ ❈♦♥s❡q✉❡♥t❧②
t❤✐s ✐s t❤❡ ♦♥❧② ❣❛❧❧❡r② ♦❢ ❝❤❛♠❜❡rs ✐♥ Γ+
S2
V2
((1, 2), op)✳ ❲❡ ♦❜t❛✐♥
c(((E1)V2 ⊃ V2 ⊂ (E2)V2)) = q
2.
❚♦❣❡t❤❡r ✇✐t❤ t❤❡ ♣r❡✈✐♦✉s r❡s✉❧ts ✇❡ ❤❛✈❡
c(δT ) = 1 ∗ (q − 1) ∗ q
2.
❈♦♠❜✐♥❛t♦r✐❛❧ ●❛✉ss❡♥t✲▲✐tt❡❧♠❛♥♥ ❢♦r♠✉❧❛
❋✐rst ❝♦♥s✐❞❡r t❤❡ ❧❛st ❝♦❧✉♠♥ ♦❢ t❤❡ ❨♦✉♥❣ t❛❜❧❡❛✉ T ✱ ♥❛♠❡❧② C2 = 1¯ ✳
✹✻
❚❤❡r❡ ✐s ♥♦ s✐♠♣❧❡ r❡✢❡❝t✐♦♥ ✐♥ W t❤❛t ✐♥❝r❡❛s❡s C2✳ ❲❡ ♦❜t❛✐♥
c(C2) = q
0 = 1.
◆♦✇ ❝♦♥s✐❞❡r t❤❡ ✷✲❝♦❧✉♠♥ ❨♦✉♥❣ t❛❜❧❡❛✉ (C1, C2) = 1 1¯ ❛t ✈❡rt❡① V ✳ ❙✐♥❝❡
i = 1 ✐s s♠❛❧❧❡r t❤❛♥ n = 2 ❛♥❞ r− i = 2− 1 = 1 ✐s ♦❞❞ ❛♥❞ s✐♥❝❡ C1 ❛♥❞ C2
❜♦t❤ ❝♦♥s✐st ♦❢ ♦♥❡ ❜♦① t❤❡ ✷✲❝♦❧✉♠♥ ❨♦✉♥❣ t❛❜❧❡❛✉ 1 1¯ ✐s ❛t ❛ ✈❡rt❡① V ♦❢
t❤❡ s❛♠❡ t②♣❡ ❛s Vω1 ✳ ■♥ ❢❛❝t✱ t❤❡ ❲❡②❧ ❣r♦✉♣ W
v
V ❡q✉❛❧s W
v
Vω1
✳ ❆♣♣❧②✐♥❣
t❤❡ ❛❧❣♦r✐t❤♠ ②✐❡❧❞s t❤❡ ❢♦❧❧♦✇✐♥❣ tr❡❡✿
1 1¯
id
+
10 1¯ 1¯
✳
■t ❢♦❧❧♦✇s t❤❛t
c(C1, C2) = (q − 1).
■t r❡♠❛✐♥s t♦ ❝❛❧❝✉❛t❡ c(C0, C1)✳ ❈♦♥s✐❞❡r t❤❡ ✷✲❝♦❧✉♠♥ ❨♦✉♥❣ t❛❜❧❡❛✉
(C0, C1) =
1 1
2¯
✳ ❙✐♥❝❡ t❤❡ t✇♦ ❝♦❧✉♠♥s ❝♦♥s✐st ♦❢ ❛♥ ✉♥❡q✉❛❧ ♥✉♠❜❡r ♦❢
❜♦①❡s ✐t ✐s ❛t ❛ s♣❡❝✐❛❧ ✈❡rt❡①✳ ❆♣♣❧②✐♥❣ t❤❡ ❛❧❣♦r✐t❤♠ ②✐❡❧❞s
1 1
2¯
s
+
1 2 2
1¯
s
+
2 2¯ 2¯
1¯
✳
■t ❢♦❧❧♦✇s
c(C0, C1) = q
2
❛♥❞ ✐♥ t❤❡ ✇❤♦❧❡
c(T ) = 1 ∗ (q − 1) ∗ q2.
✼✳✸✳ ❚②♣❡ C2✳
❋♦r t❤❡ s❡♠✐st❛♥❞❛r❞ ❨♦✉♥❣ t❛❜❧❡❛✉ T = (C0, C1, C2) =
1 2 2¯
2¯ 1¯
t❤❡ ❝♦rr❡✲
s♣♦♥❞✐♥❣ ♣♦s✐t✐✈❡❧② ❢♦❧❞❡❞ ❝♦♠❜✐♥❛t♦r✐❛❧ ♦♥❡✲s❦❡❧❡t♦♥ ❣❛❧❧❡r② ✐♥ t❤❡ st❛♥❞❛r❞
❛♣❛rt♠❡♥t ♦❢ t❤❡ ❛✣♥❡ ❜✉✐❧❞✐♥❣ ♦❢ t②♣❡ C2 ✐s δT = δs2s1(Eω1 ) ∗ δs1s2(Eω2 ) ∗
δs2(Eω2 ) = (o ⊂ E0 ⊃ V1 ⊂ E1 ⊃ V2 ⊂ E2 ⊃ V3)✿
o
ǫ1
ǫ2
❲❡ ♥♦✇ ❝❛❧❝✉❧❛t❡ t❤❡ ❝♦♥tr✐❜✉t✐♦♥ ♦❢ T ✭r❡s♣✳ δT ✮ t♦ t❤❡ ❢♦r♠✉❧❛s✿
●❛✉ss❡♥t✲▲✐tt❡❧♠❛♥♥ ❢♦r♠✉❧❛
❈♦♥s✐❞❡r t❤❡ ❣❛❧❧❡r② (o ⊂ (E0)o) ❛ss♦❝✐❛t❡❞ t♦ t❤❡ ❧❛st ❝♦❧✉♠♥ ♦❢ T ❛t t❤❡
♦r✐❣✐♥ o✱ ♥❛♠❡❧② 2¯ ✱ ✐♥ t❤❡ st❛♥❞❛r❞ ❛♣❛rt♠❡♥t ♦❢ t❤❡ r❡s✐❞✉❡ ❜✉✐❧❞✐♥❣ ❛t o✿
✹✼
o(E0)o
C−
o
D0
1 2
1
212
1
2
❚❤❡ ❧❛❜❡❧✐♥❣ ♦❢ t❤❡ ✇❛❧❧s ✐s ❡①♣❧❛✐♥❡❞ ✐♥ t❤❡ ❡①❛♠♣❧❡ ♦❢ t②♣❡ A2✳
❚❤❡ ❲❡②❧ ❣r♦✉♣ ❡❧❡♠❡♥t w ∈W t❤❛t s❡♥❞s C−
o
t♦ D0 ✐s s1 ✐♥❞✐❝❛t❡❞ ❛❜♦✈❡
❜② t❤❡ ❞♦tt❡❞ ❧✐♥❡✳ ■t ❢♦❧❧♦✇s t❤❛t
c(E0) = q
1 = q.
◆♦✇ ❝♦♥s✐❞❡r t❤❡ ❣❛❧❧❡r② ((E0)V1 ⊃ V1 ⊂ (E1)V1) ❛ss♦❝✐❛t❡❞ t♦ t❤❡ ✷✲❝♦❧✉♠♥
❨♦✉♥❣ t❛❜❧❡❛✉ 2 2¯
1¯
❛t V1✱ ✐♥ t❤❡ st❛♥❞❛r❞ ❛♣❛rt♠❡♥t ♦❢ t❤❡ r❡s✐❞✉❡ ❜✉✐❧❞✐♥❣
❛t V1✿
V1
(E0)V1
(E1)V1
C−
V1
D1
S1
V1
1 2
1
212
1
2
− +
−
+
−
+
+
−
− +−
+
−
+
−
+
❚❤❡ ❧❛❜❡❧✐♥❣ ♦❢ t❤❡ ✇❛❧❧s ❛♥❞ t❤❡ s✐❣♥s ❛t t❤❡ ✇❛❧❧s ❛r❡ ❛s ❡①♣❧❛✐♥❡❞ ✐♥ t❤❡
❡①❛♠♣❧❡ ♦❢ t②♣❡ A2✳
❚❤❡ ❲❡②❧ ❣r♦✉♣ ❡❧❡♠❡♥t s2 s❡♥❞s t❤❡ ❝❤❛♠❜❡r C
−
V1
t♦ D1 ✭✐♥❞✐❝❛t❡❞ ❜② t❤❡
❞♦tt❡❞ ❧✐♥❡✮✳ ❚❤❡r❡ ✐s ❛ s✐♥❣❧❡ ❣❛❧❧❡r② ♦❢ ❝❤❛♠❜❡rs ❝1 ✐♥ t❤❡ s❡t Γ
+
S1
V1
((2), op)✿
V1
(E0)V1
(E1)V1
C−
V1
D1
S1
V1
1 2
1
212
1
2
− +
−
+
−
+
+
−
− +−
+
−
+
−
+
❙✐♥❝❡ ❝1 ❤❛s ♦♥❡ ♣♦s✐t✐✈❡ ❢♦❧❞✐♥❣ ✇❡ ♦❜t❛✐♥
c(((E0)V1 ⊃ V1 ⊂ (E1)V1)) = (q − 1).
✹✽
◆♦✇ ❝♦♥s✐❞❡r t❤❡ ❣❛❧❧❡r② ((E1)V2 ⊃ V2 ⊂ (E2)V2) ❛ss♦❝✐❛t❡❞ t♦ t❤❡ ✷✲❝♦❧✉♠♥
❨♦✉♥❣ t❛❜❧❡❛✉ T = 1 2
2¯ 1¯
❛t V2 ✐♥ t❤❡ st❛♥❞❛r❞ ❛♣❛rt♠❡♥t ♦❢ t❤❡ r❡s✐❞✉❡
❜✉✐❧❞✐♥❣ ❛t V2✿
20
1
20
1
V2
C−
V2
S1
V2
= D2
+
−
+
−
−+
−+
(E2)V2
(E1)V2
❚❤❡ ❧❛❜❡❧✐♥❣ ♦❢ t❤❡ ✇❛❧❧s ❛♥❞ t❤❡ s✐❣♥s ❛t t❤❡ ✇❛❧❧s ❛r❡ ❛s ❡①♣❧❛✐♥❡❞ ✐♥ t❤❡
❡①❛♠♣❧❡ ❢♦r t②♣❡ A2✳
❚❤❡ r❡❞✉❝❡❞ ❡①♣r❡ss✐♦♥ ❢♦r t❤❡ ❲❡②❧ ❣r♦✉♣ ❡❧❡♠❡♥t w ∈W aV2 t❤❛t s❡♥❞s C
−
V2
t♦ D2 ✐s s1 ✐♥❞✐❝❛t❡❞ ✐♥ t❤❡ ♣✐❝t✉r❡ ❛❜♦✈❡ ❜② t❤❡ ❞♦tt❡❞ ❧✐♥❡✳ ❚❤❡r❡ ✐s ♦♥❧②
♦♥❡ ❣❛❧❧❡r② ♦❢ ❝❤❛♠❜❡rs ❝1 ✐♥ Γ
+
S2
V2
((1), op) ✇❤✐❝❤ ✐s ✐❧❧✉str❛t❡❞ ❜❡❧♦✇✿
20
1
20
1
V2
C−
V2
S1
V2
= D2
+
−
+
−
−+
−+
(E2)V2
(E1)V2
❚❤❡ ❣❛❧❧❡r② ♦❢ ❝❤❛♠❜❡rs ❝1 ❤❛s ♦♥❡ ♣♦s✐t✐✈❡ ❢♦❧❞✐♥❣ ❛♥❞ ✇❡ ♦❜t❛✐♥✿
c(((E1)V2 ⊃ V2 ⊂ (E2)V2)) = (q − 1)
❛♥❞
c(T ) = q ∗ (q − 1)2.
❈♦♠❜✐♥❛t♦r✐❛❧ ●❛✉ss❡♥t✲▲✐tt❡❧♠❛♥♥ ❢♦r♠✉❧❛
❋✐rst ❝♦♥s✐❞❡r t❤❡ ❧❛st ❝♦❧✉♠♥ ♦❢ T ✱ ♥❛♠❡❧② C2 = 2¯ ✳ ❆♣♣❧②✐♥❣ s1 ∈ W t♦
C2 ✐♥❝r❡❛s❡s ✐t ❛♥❞ t❤❡r❡ ✐s ♥♦ s✐♠♣❧❡ r❡✢❡❝t✐♦♥ t❤❛t ✐♥❝r❡❛s❡s s1( 2¯ ) = 1¯
❢✉rt❤❡r✳ ❲❡ ♦❜t❛✐♥
c(C2) = q
1 = q.
◆♦✇ ❝♦♥s✐❞❡r t❤❡ ✷✲❝♦❧✉♠♥ ❨♦✉♥❣ t❛❜❧❡❛✉ (C1, C2) =
2 2¯
1¯
✳ ❙✐♥❝❡ t❤❡ t✇♦
❝♦❧✉♠♥s ❝♦♥s✐st ♦❢ ❛♥ ✉♥❡q✉❛❧ ♥✉♠❜❡r ♦❢ ❜♦①❡s t❤❡ t❛❜❧❡❛✉ ✐s ❛t ❛ s♣❡❝✐❛❧
✈❡rt❡①✳ ❆♣♣❧②✐♥❣ t❤❡ ❛❧❣♦r✐t❤♠ ②✐❡❧❞s
1 2¯
2¯
id
+
2 2¯ 2¯
1¯
✳
✹✾
■t ❢♦❧❧♦✇s t❤❛t
c(C1, C2) = (q − 1).
■t r❡♠❛✐♥s t♦ ❝❛❧❝✉❛t❡ c(C0, C1)✳ ❈♦♥s✐❞❡r t❤❡ ✷✲❝♦❧✉♠♥ ❨♦✉♥❣ t❛❜❧❡❛✉
(C0, C1) =
1 2
2¯ 1¯
❛t t❤❡ ✈❡rt❡① V ✳ ❚❤❡ ❲❡②❧ ❣r♦✉♣ W vV ❡q✉❛❧s W
v
Vω2
✳ ❆♣✲
♣❧②✐♥❣ t❤❡ ❛❧❣♦r✐t❤♠ ②✐❡❧❞s
1 2
2¯ 1¯
id
+
1 2 2
1¯ 1¯
✳
■t ❢♦❧❧♦✇s
c(C0, C1) = (q − 1)
❛♥❞
c(T ) = q ∗ (q − 1)2.
❘❡❢❡r❡♥❝❡s
❬❇❪ ◆✳ ❇♦✉r❜❛❦✐✱ ➱❧é♠❡♥ts ❞❡ ♠❛t❤é♠❛t✐q✉❡✳ ❋❛s❝✳ ❳❳❳■❱✳ ●r♦✉♣❡s ❡t ❛❧❣è❜r❡s ❞❡
▲✐❡✳ ❈❤❛♣✐tr❡s ■❱✱ ❱✱ ❱■✱ ❆❝t✉❛❧✐tés ❙❝✐❡♥t✐✜q✉❡s ❡t ■♥❞✉str✐❡❧❧❡s✱ ◆♦✳ ✶✸✸✼✱ ❍❡r✲
♠❛♥♥✱ P❛r✐s✱ ✶✾✻✽✳
❬●▲✶❪ ❙✳ ●❛✉ss❡♥t✱ P✳ ▲✐tt❡❧♠❛♥♥✱ ❖♥❡✲❙❦❡❧❡t♦♥ ❣❛❧❧❡r✐❡s✱ ❚❤❡ P❛t❤ ▼♦❞❡❧✱ ❛♥❞ ❛ ●❡♥✲
❡r❛❧✐③❛t✐♦♥ ♦❢ ▼❛❝❞♦♥❛❧❞✬s ❋♦r♠✉❧❛ ❢♦r ❍❛❧❧✲▲✐tt❧❡✇♦♦❞ P♦❧②♥♦♠✐❛❧s✱ ■♥t✳ ▼❛t❤✳
❘❡s✳ ◆♦t✳ ✭✷✵✶✶✮ ✜rst ♣✉❜❧✐s❤❡❞ ♦♥❧✐♥❡ ❏✉♥❡ ✷✾✱ ✷✵✶✶✱ ❞♦✐✿ ✶✵✳✶✵✾✸✴✐♠r♠✴r♥r✶✵✽✳
❬❍❍▲❪ ❏✳ ❍❛❣❧✉♥❞✱ ▼✳ ❍❛✐♠❛♥✱ ◆✳ ▲♦❡❤r✱ ❆ ❝♦♠❜✐♥❛t♦r✐❛❧ ❢♦r♠✉❧❛ ❢♦r ▼❛❝❞♦♥❛❧❞ ♣♦❧②✲
♥♦♠✐❛❧s✱ ❏✳ ❆♠❡r✳ ▼❛t❤✳ ❙♦❝✳✱ ✶✽✿ ✼✸✺✲✼✻✶✱ ✷✵✵✺✳
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